MathSolver — user guide

What MathSolver can solve, how to enter a problem and what the result looks like.

MathSolver solves problems from a photo or typed in, and for every result it shows the working the way it
is done at school — step by step, with explanations and, where it makes sense, a graph.

Each chapter covers one type of problem: what to expect from the solution, how to enter it, and
examples of real output from the app. Known limitations, if there are any, are listed at the end of the

chapter.
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Entering a problem

You can take a photo of the problem - crop the photo to just the problem before sending it. The app
recognizes it and shows a preview; if the transcription is wrong, correct it in the field below the preview.
The same field lets you type a problem directly.

If the input is an expression without an equals sign, a chip lets you choose what to do with it: simplify,
expand, factor, split into partial fractions, differentiate, analyze the function, compute a Taylor
polynomial, integrate, sum a series or compute a Fourier series. Set the “Focus” option on the home
screen to what you are practising — it preselects a suitable chip.

Equations and inequalities are solved straight away. Where there is more than one method (the method
for a system, for absolute values, differentiating from the definition), you choose it with a chip; the result
is recomputed at once. Equations and inequalities are solved in the real numbers; the “Solve in” chip
picks N, Z, Q or R" instead. For a limit, a chip picks whether an indeterminate form is resolved by
transforming it or straight away by I'H6pital’s rule.

How to enter it

X"2 + 3x - 4 Powers are written with *; multiplication by a number
or a variable can be left out (3x, 2xy).

(x+1)/(x-2) Fractions with a slash; put a numerator or denominator
that is not a single number or letter in brackets.

sqrt(x+1), x~(1/3) Square root sqrt(...), other roots as a power with a
fractional exponent.

[2x - 1] Absolute value between vertical bars. If the input can
be read in more than one way (|x|y|z|), the app offers
the readings to choose from; to make it unambiguous,
put the absolute value in brackets: 2x(|x - 11).

1n x, log x, log 2 x In is the natural logarithm, log (or Ig) the common
(base 10) one, log_2 the base-2 one.

sin x, cos 2x, tan x, cot x Trigonometric functions; an argument without
brackets is the term right after the function (cos 2x =
cos(2x)).



sinh x, cosh x, tanh x, arsinh x

sin alpha = 1/2, sin(x + 30°)

sin x = 1/2, x € <0; 2pi)

pi, e, oo

X sin x, 2x(x+1)
2X + 3y =7
x-y=1

(3+41)/(1-21)

X2 < 10, x € Z

Known limitations

Hyperbolic functions sinh, cosh, tanh, coth and their
inverses arsinh, arcosh, artanh, arcoth (asinh, arcsinh,
... accepted too0).

An angle in degrees: a Greek letter as the unknown
(alpha, beta, ... or aitself), or degrees on a number;
Latin letters are in radians.

Roots in an interval — after a comma or on the next
line (x € <0; 2pi) or 0 <= x < 2pi).

The number pi, Euler's number g, infinity oo.

Put a space between a variable and a function (x sin x)
- xsinx is read as a product of letters.

Write a system of equations or inequalities line by line,
one per line.

Complex numbers: i is the imaginary unit (in
expressions and equations).

The number set after acomma: x € N, Z, Q, R+ (or N, Z,
Q, RY, “in N”); N without zero.

» Theresult is given in exact form (fractions, roots, 1) with an approximate value; a purely numerical

mode is not available yet.



Linear equations and inequalities

The app rearranges a linear equation the way it is done at school - it expands the brackets, moves the
unknown to one side and divides. For an inequality it watches for the sign flip when multiplying by a
negative number and writes the result as an interval; the graph shows both sides as lines and marks the
solution on the x-axis.

Examples

An equation with brackets.
Input: 3(x - 2) = 2x + 5

Intersections of the graphs:

Result
e (117 27)

T = ]‘ ]‘ Each intersection corresponds to one solution of the equation -
its first coordinate is the value of x.

Steps

+ Move everything to one side:xz — 11 =0

+ Keep the terms with the unknown on the left, move the
rest to the right: x = 11

Graph

40
0 /

20

]
//

— y=3x—-2)
—_—y=2z+5

o
(3}
-
o



An inequality — dividing by a negative number flips the sign.

Input: 2x - 3 < 5x + 6

Result : Z _ g; 12
T < (_33 OO) Solution of the inequality — where the relation
between the two curves holds
Steps )
Intersections of the graphs:
+ Keep the terms with the unknown on the left, move the e (-3,-9)

rest to the right: =3z < 9

+ Divide by the negative number —3, the inequality sign
flips:z > —3

Graph

10

-20

|
1
|
-10 o
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|



Quadratic equations

The app brings a quadratic equation to the form ax2 + bx + ¢ = 0 and solves it with the discriminant and
the quadratic formula; it also recognizes a double root. If the equation has no real solution, it says so,
and the “Show Complex Solution” button shows the complex roots.

Examples

Two real roots.

Input: x*2 - 5x + 6 = @

-1 0 1 2 3 4
Result )
_ —y=a —5r+6
L1 — 3 —y=0
Ly = 2 Intersections of the graphs:
® (2,0) o (3,0
Steps Each intersection corresponds to one solution of the equation -

its first coordinate is the value of x.
« Compute the discriminant:

D=0 —dac=(-5)7—-4-1-6=1

+ Substitute into the quadratic formula:

—b++/D 5+1
Tipg = —F(H = 5
2a 2
Graph
20
15
10

/



A negative discriminant — complex roots.

Input: x*2 + 2x + 5 = @ Show Complex Solution

Result Graph
T, = —1+2¢

:122 — _1 - 22: 10
Steps 8

« Compute the discriminant:

D=0 —dac=2>-4-1-5=-16 ¢
+ The discriminant is negative — over the complex a

numbers: \/B =+/—16 = 4i

- Substitute into the quadratic formula: 2
-b++vD —2+4i
;1;1,2 = =
2a 2

2 1.5 -1 0.5 0 0.5 1
—y=a’+2z+5
—y=0
The graphs don't intersect — the equation has no real
solution.



Higher-degree equations

The app turns a biquadratic equation into a quadratic one by substitution. A general higher-degree
equation is factored with synthetic division (Horner's scheme): roots are looked for among the divisors
of the constant term and each root found is divided out until a quadratic equation is left.

Examples

A biquadratic equation by the substitution y = x2.

Input: x*4 - 5x*2 + 4 = ©

Result Graph
T = —2 b ||
*z =1 o o
7y = 1 A
24=2 R
100 | | | |
Steps I I I I
- The substitution ¢, — 22 turns the equation into a s E E E E
quadratic one: u? — 5u +4 =0 | | I :
+ Compute the discriminant: E E E E
D=0 dac=(-5)7—-4-1-4=9 ) = O @ ==0
- Substitute into the quadratic formula: ! ! ! !
~-b++vD 5+3 | | | |
e D |

3 -2 g 0 1 2 3

+ Back to the original unknown: 2z =1 = z = +1
— y=z'—5z" +4
+ Back to the original unknown: z2 = 4 = z = +2 —y =0
Intersections of the graphs:
e (—2,0) e (—1,0) e (1,0) e (2,0)
Each intersection corresponds to one solution of the equation -
its first coordinate is the value of x.



Synthetic division — roots among the divisors of the constant term.

Input: x*3 - 6x”°2 + 11x - 6 = @
Result Graph
2 =1 o
To = 2 : : :
2 20 i | |
L3 = 3 E E 3
0 o—o—o
Steps =" ; ;
- Rational roots can only be divisors of the constant term 20 E E 3
—6: +1, +£2, +3, +6 ! ! :
« Horner's scheme confirms the root = 1 and divides the e E i 3
polynomial by it: E E 3
|1 -6 11 -6 E 5 }
11 -5 6 [0] 60 : : |
P(z) = (& = 1)(2* - 52 + 6) o
+ Compute the discriminant: ! 0 ! z : ¢
D=t —dac=(-5>-4-1-6=1 — y=a’— 62 + 11z — 6
— 1y = 0
+ Substitute into the quadratic formula: y
R ~b++D _5x1 Intersections of the graphs:
VT a2 e (1,0) @ (2,0) e (3,0)

Each intersection corresponds to one solution of the equation —
its first coordinate is the value of x.



Rational equations

For an equation with the unknown in a denominator the app first states the conditions, then multiplies
the equation by the common denominator and solves it. It compares the roots with the conditions and
discards those that do not satisfy them.

Examples

Conditions, common denominator, a quadratic equation.

Input: (x+3)/(x-1) = 2/(x-1) + x
Result Graph
T = 1-— \/5
8
Ty =1+12

Conditions: @ # 1
o<

Steps

+ Conditions — a denominator must not be zero:  # 1

+ Multiply both sides by the denominator  — 1: \

$+3:$2*$+2 —2/;.§
+ Move everything to one side: 2292 - 1=0 4 "
+ Compute the discriminant: %

D=0 dac= (-2 —4-1-(-1)=8

- Substitute into the quadratic formula:

1 0 1 2 3
—b++vD 2422
L9 = =

12 % 2 — g, _t3
- . xz—1

+ The root 2 — 1 — +/2 satisfies the conditions. 9

_—y = - 68

- The root 2 — 1 + +/2 satisfies the conditions. z—1

Intersections of the graphs:
o (17\/5,172&) o (1+\/§,1+2\/§)

Each intersection corresponds to one solution of the equation -
its first coordinate is the value of x.



Radical equations

The app solves an equation with the unknown under a root by isolating the root and squaring. Squaring
can add roots that do not satisfy the equation — so a check always follows and the roots that fail it are
discarded.

Examples

Squaring and a check — one of the roots does not satisfy the equation.

Input: sqrt(x+5) = x - 1

Result Graph
r=4

Steps

N\

+ Square both sides (not an equivalent step, so the roots

are checked): & + 5 = (z — 1)° /

- Move everything to one side: z2 — 3z — 4 = 0
+ Compute the discriminant:
D=0 —dac= (-3 —4-1-(—4) =25 0
+ Substitute into the quadratic formula: /
—b+vD 3+5

T12 = N £
2a 2

+ Check forz = —1; LHS = 2, RHS = —2, LHS # RHS - the
root does not work.

« Check for & = 4: LHS = 3, RHS = 3, LHS = RHS - the root T 0 L 2 £ & 2

works. — y=+Vz+5

_y:m—l

Intersections of the graphs:
e (4,3)

Each intersection corresponds to one solution of the equation —
its first coordinate is the value of x.

Known limitations

e Radical inequalities are not solved yet.



Exponential and logarithmic equations and
inequalities

The app solves an exponential equation by converting to the same base, by taking logarithms or by
substitution; a logarithmic one by combining the logarithms by the rules and removing the logarithm,
always with the conditions. Inequalities are solved through monotonicity — for a base less than 1 the sign
flips.

Equations with different bases: a* + b* = ¢* with bases from two primes (25 + 10* = 4%) are divided by a
power and turned quadratic by t = (5/2)% logarithms of different bases are converted to one (logs x = log;
x / log, 5).

Logarithms whose bases are powers of one number (log, x + logs(x + 2) = 2) are converted to one base
(logs a = log; a / 2), the equation multiplied and the logarithms combined. A logarithm with the unknown
in its base (log, 8 = 3) is removed by the definition (x3 = 8) with the conditions x > 0, x # 1. An equation
with the unknown in both the base and the exponent (x*(log x) = 100) is solved by taking logarithms and
the substitution t = log x. Inequalities with the substitution t = log(x + 1) and systems of logarithmic and
exponential inequalities are solved like single inequalities — through monotonicity.

Equations and inequalities with hyperbolic functions are rewritten by the definition (sinh x = (ex - €7™)/2,
...) as exponential ones and solved by the substitution t = e%; arsinh x = c is solved by the inverse function
(x = sinh c).



Examples

The substitution t = 2x,

Input: 4~x - 3*2~x - 4 = @

Result

r =2

Steps

- Substitute t =2":¢> — 3t —4 =0

+ Compute the discriminant:
D=1 —dac=(-3)>—4-1-(—4) =25

+ Substitute into the quadratic formula:

-btvD 3£5
o= ——F—""=—F—
2a 2
+ The equation 2 = —1 has no real solution.

+ Back to the original unknown: 2* =4 = z =2

Graph

200

150

100

50

5 0 1 2 3
—_—y=4"—-3-2" -4
—y=0
Intersections of the graphs:
® (2,0)

Each intersection corresponds to one solution of the equation -
its first coordinate is the value of x.



Combining logarithms, conditions.

Input: log 2(x+1) + log 2(x-1) = 3
Result Graph
=3 }
Conditions: = > 1 1 3/
°
Steps |
P 2 |
+ Domain — conditions: ¢ > —1, 2 >1 = = >1 3
U ]
+ Combine the logarithms using the rules for logarithms: ;
log, ((z — 1)( +1)) = 3 |
-2 i
- Remove the logarithm: (z — 1)(z + 1) = 2° |
+ Move everything to one side: z2 — 9 = -4 i
+ Compute the discriminant: |
D=b —dac=0>—4-1-(—9) =36 ° ;
- Substitute into the quadratic formula: :
~b+vD 16 B 0 1 2 3 4
eI PR
— y =logy (x + 1) + logy (z — 1)
» The root x = —3 does not satisfy the condition z > 1, _—y = 3

so it is not a solution. )
Intersections of the graphs:

+ The root x = 3 satisfies the conditions. e (3,3)

Each intersection corresponds to one solution of the equation -

its first coordinate is the value of x.

Different bases — divide by 44, substitute t = (5/2)¢.

Input: 25~d + 107d = 47d

Result Graph
—1++5
d=1log; [ — =
2 2 20
Steps S
+ We divide the equation by the positive 4¢: 10

- 5

. 5 d
Substitute t = (7> B 4t—1=0
2 0
+ Compute the discriminant:
D=t —dac=1*>-4-1-(-1)=5 9
+ Substitute into the quadratic formula:
o= 7bi\/5: 71i‘/5 -2 1.5 -1 0.5 0 0.5 1
b 2a 2 ., .
-y =25+ 10
. ) 5 d 1 ‘/g ‘ Yy g
The equation 3 = — has no real solution. _—y = 4
Int ti f th hs:
+ Back to the original unknown niersec |onslo ;grap s
—1+
5\Y —1++5 “1++5 ° (logg <7),0.4829)
3) =2 T ATlm{T g A

its first coordinate is the value of d.

Each intersection corresponds to one solution of the equation -



A base less than 1 — the inequality sign flips.

Input: (1/2)”*x > 8

Result Graph
z € (—oo, —3)

30 l
Steps !
25 |
+ Write both sides as powers with the same base: 3
27% > 9° 20 |
- The exponential function with base 2 is increasing — the 3
exponents satisfy the inequality with the same sign: 1 3
—x >3 1
10 !
+ Keep the terms with the unknown on the left, move the ‘
rest to the right: —z > 3 5 r\
+ Divide by the negative number —1, the inequality sign ‘ e

0 ﬁ}
flips:z < —3

+ The solution of this inequality is z € (—o0, —3)

—y=0G)
— y=28

Solution of the inequality — where the relation
between the two curves holds

Intersections of the graphs:
L4 (737 8)

Hyperbolic tangent by the definition — substitution t = e2x.

Input: tanh x = 1/2

Result
In3
€r = ——
2
Steps

+ Substituting the definitions

er —e~a  ela_ ]
tanha = ==
et +e @ e +1

L =3 (L e 3.9
— - = et —3 =
e 1 2 2e2r 4+ 2

e — 1
+ Substitutet = 2:t -3 =0
- Solve:t =3

o ; In3
Back to the original unknown: e** = 3 = 2 = HT



The unknown in the base — by the definition; the root -1 fails the conditions.
Input: log x (2x+3) = 2
Result Graph

rx=3

Conditions: © > 0,  # 1

Steps

+ Domain — conditions: ¢ > 0, = # 1
- Remove the logarithm: 22 = 22 + 3
- Move everything to one side: z2 — 2z — 3 =0

+ Compute the discriminant: 0
D=0 —dac= (-2 —4-1-(-3) =16

+ Substitute into the quadratic formula: 1
—b+vD 244

= o 2

I~

+ The root # = —1 does not satisfy the condition
z >0,  # 1, soitis not a solution.

=1 0 1 2 3 4

— y = log, (2z + 3)
+ The root x = 3 satisfies the conditions. —_—y =2

Intersections of the graphs:
e (3,2)

Each intersection corresponds to one solution of the equation -
its first coordinate is the value of x.



The unknown in the base and the exponent — take logarithms, substitute t = log x.

100

Input: x~(log x)

Result Graph

Iy = 10\/5 300

Conditions: = > 0

200
Steps

+ Take the logarithm of both sides: 1
log (z'°8%) =2 = loga -logz = 2 100 ® @

- Domain — conditions: z > 0 /

+ Substitutet =logz:¢2 — 2 =0 0

+ Compute the discriminant:
D=b —4dac=0%-4.-1-(-2)=38

+ Substitute into the quadratic formula: 0 10 0 3

—b:ﬁ:\/ﬁi i?\/é R y:.TCIng
2a 2 — y = 100

- Back to the original unknown:

t1p =

s Intersections of the graphs:
R —_10-V2 .
logz = —v2 = = =10 o (10*\/3,100) o (10\5,100)

- Back to the original unknown: . . . .
Each intersection corresponds to one solution of the equation -

logx = V2 = z= 10‘/5 its first coordinate is the value of x.

» The root = 107\/5 satisfies the conditions.

+ Theroot ,, _ 10\/5 satisfies the conditions.

Known limitations

» Logarithms of different bases that aren't powers of one number (log, x + logs(x + 1) = 2) are solved
only numerically.

» Hyperbolic equations leading to a 4th-degree equation in e* (cosh?x - 3 sinh x = 3) are solved only
numerically; inequalities with inverse hyperbolic functions are not supported yet.



Absolute value

The app solves equations and inequalities with absolute values in two ways, which you choose with a
chip: “By the definition” — a shortcut that writes out |a| = b or |a|] < b — and “Zero points” — splitting the
number line into intervals on which each absolute value has a fixed sign. Without a choice it picks the
more suitable one itself.

Nested absolute values (||x| - 2| = 1) are solved the same way: by the definition step by step from the
outside in, by zero points from the inside out — first the zero points of the inner absolute values, then the
remaining absolute value on each interval.

An inequality [f| < |g| (just an absolute value on each side) can also be solved with the “By squaring” chip:
both sides are non-negative, so it is squared and solved as a quadratic one. An expression with absolute
values alone (|x = 1| + |x + 2|) is simplified by pieces — zero points, a sign chart and the expression
without absolute values on each interval.

Examples

One absolute value — written out by the definition.

Input: |2x - 1| =5

Result Graph
T = —2 }
To =3 0 i
Steps 8
+ There is only one absolute value and a number on the ;

other side - it is enough to use the definition. ® l
+ By the definition, |22 — 1| = 5 holds exactly when . ? 9

20 —1=5o0r2xz —1=-5
+ Solve:2z —1=5 = =3 2
- Solve:2z —1= -5 = = -2

0
2 0 2 . 4
— y =2z 1

—_—y =25
Intersections of the graphs:
e (—2,5) e (3,5)

Each intersection corresponds to one solution of the equation —
its first coordinate is the value of x.



Two absolute values — the zero-points method.
Input: |x - 1] + |x + 2] < 5

+ The unknown cancelled and the true statement 3 < 5 is

Result left — the whole interval [—2, 1) is a solution.

T < (_33 2) - On the interval [1, oc), remove the absolute values by
the signs: (¢ — 1) + (z +2) < b

Steps
+ Solve: 2z +1 <5

+ Remove the absolute values by the zero point method:
the zero points split the number line into intervals, on
each of them the expressions inside keep their sign.

+ Keep the terms with the unknown on the left, move the
rest to the right: 2z < 4

+ Divide by the positive number 2, the inequality sign stays:

+ Zero points of the expressions inside the absolute <9
T

values;z —1=0 = z2=1, 242=0 = z=-2

+ The solution of this inequality is z € (—o0, 2
+ Signs on the individual intervals: 4 y ( »2)

| (—o0, -2) [-2,1) [1, o0) - Intersection with the interval [1, oco): = € [1, 2)
z—1 — — +
z+2 = + iy

+ The solution is the union of the results: = € (—3, 2)

+ On the interval (—oo, —2), remove the absolute values
by the signs: (1 —z) + (—z — 2) < 5

« Solve: —2x — 1 < 5

+ Keep the terms with the unknown on the left, move the
rest to the right: —22 < 6

+ Divide by the negative number —2, the inequality sign
flips:z > —3

+ The solution of this inequality is € (—3, 00)
- Intersection with the interval (—oco, —2): z € (—3, —2)

+ On the interval [—2, 1), remove the absolute values by
the signs: (1 — ) + (z+2) <5

Graph

10

—y=|z—1+|z+2]
—_—y =25

Solution of the inequality — where the relation
between the two curves holds

Intersections of the graphs:
e (—3,5) e(2,5)



A nested absolute value — by the definition from the outside in.

Input: | |x| - 2] =1

Result
T = -3
Lo =

(1
=
[t

T3 —

I
wo

Lq

Steps

» There is only one absolute value and a number on the
other side — it is enough to use the definition.

+ By the definition, ||| — 2| = 1 holds exactly when
‘z‘—?:lor‘x‘—2:—1

+ Isolate the absolute value: |z| = 3

- By the definition, || = 3 holds exactly when = 3 or
r=-3

+ Isolate the absolute value: |z| = 1

+ By the definition, || = 1 holds exactly when z = 1 or
r=-—1

Absolute values on both sides — squaring.

Input: |x - 1] < |2x + 3| By squaring

Result

2
z € (—oo, —4) U —3 @
Steps

+ Both sides are just absolute values - both are non-
negative, so we can square the inequality (an equivalent
step).

- Square both sides: (z — 1)* < (2z + 3)°
- Move everything to one side: —3z% — 14z — 8 < 0
+ Factor: —(z +4)(3z +2) <0

- The critical points split the number line into intervals:

T, = —4, mzzfg

+ Signs on the individual intervals:

(o0, —4) (4, ) (5 )
-1 - - =
z+4 - + +
3z +2 = = +
—(z +4)(3z + 2) = + =

Graph

" : 3 3 i

; ! : : !

2 i 3 /\ i

: «———— oo

0 !\/ \/!

-4 -2 0 2 4

— y=|lz[-2|
Intersections of the graphs:
e (-3,1) e(-11) e(l,1) e(31)

Each intersection corresponds to one solution of the equation -
its first coordinate is the value of x.

Graph

)
i
i
i
i
i
i
i
i
i
i
1
i
i
|

()

i
i
1
i
i
i
i
i
i
i
i
i
i
:

0 e——)
T
i
i
{

5 4

—y=|z—1

—_—y = 2z +

3|

Solution of the inequality — where the relation

between the two curves holds

Intersections of the graphs:

e (—4,5) o (

25

3’3

)



An expression with absolute values — by pieces on the intervals.

Input: |x - 1] + |x + 2|

Result
—2x—1, z€ (-0, —2)
3, xe[-2,1)
2e+1, =z€]l, 00)

Steps

+ Remove the absolute values by the zero point method:
the zero points split the number line into intervals, on
each of them the expressions inside keep their sign.

+ Zero points of the expressions inside the absolute
valuessz —1=0 = z=1, z2+2=0 = z=-2

- Signs on the individual intervals:
‘ (_307 _2) [_27 1) [L OO)
z—1 = = +
T+ 2 = + +

+ On the interval (—o00, —2), remove the absolute values
by the signs: (1 —z) + (—z — 2) = -2z — 1

+ On the interval [-2, 1), remove the absolute values by
the signs: (1 — ) + (z +2) =3

+ On the interval [1, c0), remove the absolute values by
thesigns: (z — 1)+ (z+2) =2z +1

Known limitations

e An expression with absolute values is simplified only on the whole number line, not on a given interval;
squaring is offered only for an inequality with a single absolute value on each side.



Trigonometric equations and inequalities

The app brings an equation to basic equations such as sin x = a and solves them on the unit circle: it
finds the angles of one turn and adds multiples of the period (x = 11/6 + 2k, k € Z). The circle is drawn
right in the steps.

It prefers the known formulas — double and half angle, sin?x + cos?x = 1, sum to product —, then
factoring, the substitution t = sin x, dividing a homogeneous equation by cos"x and the auxiliary angle for
a-sin x + b-cos x = c. The result is also checked numerically over a whole period.

An unknown written as a Latin letter (x, t) is in radians, a Greek one (alpha, B, ...) in degrees — as is an
input with the ° sign (sin(x + 30°)). To get the roots in a given interval, add the interval after a comma or
on the next line.

An inequality is solved by an arc of the unit circle, a more complex one by the zeros on one period; the
result is intervals with the period.



Examples

Two branches of solutions, the angles on the unit circle.

Input: sin x = 1/2

Result Graph

™ : : l l
Ty = — + 2km : : | |
6 : : : :
1 ' | |
15%8 : I l l
Ly = 6 + 2km
05 -8——@ °o——e

keZ /: :\ | \
Steps T i : |
. ) . i 1 o : I l l
Basic equation sinx = 5: on the unit circle, the angles 05 ! . : !
T B : : : :
of one turn satisfying it are e ?; adding multiples of s . ! !
the period gives all solutions: -1 5 E :' ':
T okm e T ok : : | |
T e ]

-3m/2 -T -T/2 0 w2 s 3m/2

— y =sinz
1

__ 6. & | _____ @ 6 __ —915

Intersections of the graphs:
o 117 1 . Tt 1 . T 1
6’2 62 6’2
5m 1
O [[=p=
62

Each intersection corresponds to one solution of the equation —
its first coordinate is the value of x.




The substitution t = sin x and a quadratic equation.

Input: 2sin”2 x - sin x - 1 = 0

Result

™
ry = -+ 2km

2

I
LTy = —— + 2k7‘(’

6

- - ---1----T .

117 il %

x3 = — + 2km
6
kel
+ Basic equation sin z = 1: on the unit circle, the angles of

Steps

T
one turn satisfying it are 5; adding multiples of the
- Substitutet = sin2:2t* — ¢t — 1 =0 period gives all solutions: z = g + 2k
+ Compute the discriminant:

D=0 —dac=(-1)*—-4-2-(-1)=9

+ Substitute into the quadratic formula:

-bt+tvD 143
o= —p—— =~
2a 4
o . 1 i
Basic equation sinz = — —: on the unit circle, the angles

1
of one turn satisfying it are rE T; adding multiples

of the period gives all solutions:

7 11
m:%+2k7,$:Tﬂ+2kW

Graph

o
.______________..________________________

-3n/2 -m -T/2 4] w2 s 3n/2

— y=2sin’z —sinz — 1
—_—y =0

Intersections of the graphs:
3 5 w w
° (*?:0) L (7?’0) * (_E’O) * (5’0)
s 11w
[ ) ?,0 [ ] T,O

Each intersection corresponds to one solution of the equation -
its first coordinate is the value of x.



The formula for sin 2x and factoring.

Input: sin 2x = cos x

Result
s

1 = g + 2km
T

Lo — 5 + kﬂ'
5)

T3 = —ﬂ- + 2k

6
kel

Steps
+ Move everything to one side: sin (2z) — cosz =0

+ Use the formula sin 2z = 2 sin @ cos @:

2cosx-sinx —cosx =0

- Factor — a product is zero exactly when one of its factors
is: (2sinz — 1) cosz =0

+ Solve the equation cosz = 0

+ Basic equation cos z = 0: on the unit circle, the angles of

T 3T
one turn satisfying it are —, —; adding multiples of the

2° 2
T
period gives all solutions: € = 3 + km
5T ™
P (S B, 6
-

-T/2 0 /2 e 3n/2

ol

3m

2

+ Solve the equation 2sinz — 1 =10

o 1
Isolate the trigonometric function: sin z = 3

o 1
Basic equation sinz = 5: on the unit circle, the angles
e T 5w . .
of one turn satisfying it are e ?; adding multiples of
the period gives all solutions:

5
m:%+2kw,w:§+2kﬂ

— y = sin 2z
— Y = COSIT

Intersections of the graphs:
3

o ([LMs 93 .(_1,0) oY

6 " 2 2 6 2

o (-3,0) .(z E) o (5.0) .(51 ,Vj)

6’ 2 6’ 2
3T
'(?”)

Each intersection corresponds to one solution of the equation —
its first coordinate is the value of x.



The auxiliary angle: sin x + cos x = v2-sin(x + 1/4).

Input: sin x + cos x = 1

Result
3 ™
T = 2]137'(' ry 4
v
Lo =— — + 2k7T

2
kecZ

Steps

+ Move everything to one side: cosz +sinz — 1 =0

+ Introduce an auxiliary angle ¢:
. . m
cosz +sinz = v2sin (m + Z)' where

V2 V2

cos(p:7,sincp:7 = (,0:2

+ Solve for the unknown
3T

m+%:%+2k7‘r = x =2krw Vx+gzz+2k7

" Isolate the trigonometric function: gin (q; 4 g) = g
" Basic equation sin (w I g) = g: on the unit circle,

T 3w
the angles of one turn satisfying it are 1 I; adding
multiples of the period gives all solutions:

™ ™ T 37
m+Z:Z+2kﬁ,w+Z:I+2kﬁ

-
D
L T~a

-

-31/2 =T -T2 0

a
RS
N

n 3n/2
— y =sinz + cosx
Intersections of the graphs:
_ s
e (—2m 1) . (73_7r,1> e (0,1) A (5,1)
2
e (2m 1)

Each intersection corresponds to one solution of the equation -
its first coordinate is the value of x.



A Greek letter — the result in degrees.

Input: sin alpha + cos alpha = sqrt(2)

Result
a = 45° + k- 360°
kel

Steps

- Move everything to one side: cos « + sina — \/§ =0

+ Introduce an auxiliary angle ¢:
cos & + sina = v/2sin (a + 45°), where

V2

2
VEEP = singc):? = @ =45°

+ Isolate the trigonometric function: sin (o 4+ 45°) = 1

- Basic equation sin (o + 45°) = 1: on the unit circle, the
angles of one turn satisfying it are 90°; adding multiples
of the period gives all solutions:
a+45° = 90° + k - 360°

Only the roots in the given interval.

Input: sin x = 1/2, x € <0@; 4pi)

Result
™
T — E
5%
Ty = F
137
LTq = ——
T 6
177
=g
Steps

o . 1 Yo
Basic equation sinxz = 5: on the unit circle, the angles
T 5w
of one turn satisfying it are g ?; adding multiples of
the period gives all solutions:

5
m:g+2kw,a::§+2k7r

+ Solve for the unknown
a+45° =90° + k- 360° = a =45+ k- 360°

Graph

/

0.5

-0.5

-270° -180°  -90°  ©° 90°  180°  270°
— y = sina + cosa
—_—y = V2
Intersections of the graphs:
o (73150,\/5) . (45",\/5)

Each intersection corresponds to one solution of the equation -
its first coordinate is the value of x.

+ The solutions in the interval = € [0, 47)

T %4 137 177
5’ 532:?7 €U3:Ty Ty = —(—

T = 5



Graph

-0.5

0 w2 g 3n/2 2n 5m/2 3n 2 4n

Intersections of the graphs:

T 1 b 1 137 1 177 1
o -) o|— =) o(—,=-] ©—,=
6° 2 62 6 "2 6 "2

Each intersection corresponds to one solution of the equation -
its first coordinate is the value of x.

NiLER AL AN

An arc of the unit circle, an interval around zero.

Input: cos x > 1/2

Result

T T
i (_§ +2k7’l’, § +2kﬂ'>
kelZ

Steps

o 1
Basic inequality cos z > 5: on the unit circle it holds on

the highlighted arc; with the period:

b ™
T e (75 + 2km, 3 +2k7r>

Graph

-3n/2 - -n/2 0 /2 s 3n/2
—_— Y = COST

1
—_— ==

2

Solution of the inequality — where the relation
between the two curves holds



The zeros on a period and the sign between them.

Input: 2sin”2 x - sin x - 1 > @

Result

S %—&—21@77,11%—1—21677

kcZ

Steps
- First solve the equation —sinz + 2sin’z — 1 = 0
- Substitute t = sinz: 2t — ¢t —1=0

+ Compute the discriminant:
D=0 —dac=(-1)*—-4-2-(-1)=9

+ Substitute into the quadratic formula:

-b+vD 1+3
tp=——— = —"
2a 4
o ) o 1 Lo
Basic equation sinxz = — —: on the unit circle, the angles

. T 11w ) )
of one turn satisfying it are 5 T; adding multiples
of the period gives all solutions:

m:’%rJerTr,x:llTﬂqLQkﬂ'

- The function has the period 27. Its zeros (and the points

T 7w 1lw
where it isn't defined) 2 6 6 split one period into
intervals; by the sign on them, the inequality holds for:

é 11
T e (% + 2k, Tﬁ +2k7r)

Graph

0.5

-0.5

-3n/2 -m -T/2 0 w2 s 3n/2

— y:?singa}—sinaﬂ—l

—_—y =0
Solution of the inequality — where the relation
between the two curves holds

+ Basic equation sin 2 = 1: on the unit circle, the angles of

T
one turn satisfying it are 5; adding multiples of the

T
period gives all solutions: * = 3 + 2k




Known limitations

» Equations with the unknown also outside a trigonometric function (x = cos x) are solved only
numerically, without the period.
» A double trigonometric inequality (-1/2 < sin x < 1/2) and trigonometric functions inside an absolute

value are not supported yet.



Inequalities and systems of inequalities

The app solves quadratic and rational inequalities with the zero points and a sign chart. A double
inequality and a system of inequalities are solved as the intersection of the solutions of the individual
inequalities, shown on a number line. A system of inequalities in two unknowns is solved as a region in
the plane, shaded in the graph.

In a system of inequalities in two unknowns the app also lists the region’s corners — the intersections of
the boundaries with exact coordinates. A system of an equation and inequalities in one unknown is
solved by solving the equation and substituting its roots into the inequalities; in two unknowns the
solution is the part of the equation’s curve lying in the inequalities’ region — highlighted in the graph, its
end points computed exactly. A system can also be written on one line, separated by semicolons (2* > 4;
3x<81).

Examples

A quadratic inequality — zero points and signs.

Input: x*2 - x - 6 > ©

Result Graph
z € (—o0, —2) U (3, o0)

Steps
+ Factor: (x — 3)(z +2) >0

+ The critical points split the number line into intervals:
T = 727 Ty = 3

+ Signs on the individual intervals:

(_OC= _2) (_21 3) (37 OO)
z—3 = = I
z 42 = + I
E-E+d)| + -+

—y::c2—gc—6

—_—y =0

Solution of the inequality — where the relation
between the two curves holds

Intersections of the graphs:
e (—2,0) (3,0



A rational inequality — the denominator must not be zero.

Input: (x+1)/(x-3) <= ©

Result Graph
z € [—1, 3)

Conditions: & # 3 6
Steps 4

+ Conditions — a denominator must not be zero:  # 3

+ The critical points split the number line into intervals:
z;=-1,2,=3

+ Signs on the individual intervals:

l |
| |
(—oo, 1) (=1,3) (3, 00) 2 ! |
S | |
z+1 = il + 4 ! I

1 - !
bt + = + ! :
| I
2 -1 0 1 2 3

ozt

yiw—3

_y:(]

Solution of the inequality — where the relation
between the two curves holds

Intersections of the graphs:
e (—1,0)



A double inequality.
Input: -1 <= 2x + 1< 5

Solution of the system (intersection)

Result
C O
T e [—1, 2) -1 9
S Each inequality has its own row on the number line, their
teps intersection is in green. A filled dot belongs to the solution, a

hollow one doesn't.
+ Inequality 1: =1 < 2z +1

+ Keep the terms with the unknown on the left, move the
rest to the right: —2x <2

+ Divide by the negative number —2, the inequality sign
flips:z > —1

- The solution of this inequality is € [—1, c0)
+ Inequality 2: 2z +1 < 5

+ Keep the terms with the unknown on the left, move the
rest to the right: 2z < 4

+ Divide by the positive number 2, the inequality sign stays:
<2

+ The solution of this inequality is € (—o0, 2)
+ The system's solution is the intersection of the

inequalities' solutions: = € [—1, 2)

Graph

L
w

O

A system of inequalities in two unknowns — a region in the plane and its corners.
Input: x + y <= 4
X -y >0



y >= 0

+ The region's corners (where the boundaries meet):

Result
¥ d— [0; 0], [2; 2], [4; O]
y<uax Graph
y € [0, o) \
4
Steps

* Inequality . z +y < 4

+ The boundary is the curve * + y = 4 - drawn solid, its 2 ®
points belong to the solution.
:
- Substitute the point [0; 0]: 0 < 4 holds - the solution is
the part of the plane containing the point. 7 ® ®
+ Inequality 2.z —y > 0 / \
+ The boundary is the curve  — ¥ = 0 — drawn solid, its 1 0 1 2 3 4 5

points belong to the solution. —riy<d o y<d—z

+ Substitute the point [1; 0]: 1 > 0 holds - the solution is —z-y>0 s y<ao
the part of the plane containing the point. — y>0 & ye|0, co)
+ Inequality 3:y = 0 The solution is the shaded region. A solid boundary

belongs to it, a dashed one doesn't.
+ The boundary is the curve ¥ = 0 — drawn solid, its points

belong to the solution. The region's corners:

e (0,0) e (2,2) e (4,0)
- Substitute the point [0; 1]: 1 > 0 holds - the solution is
the part of the plane containing the point.

+ The system's solution is the common part of these
regions — shaded in the graph.



An inequality in the integers — the integers of the interval are listed.

Input: x*2 < 10

Result

ze{-3, -2 -1,0,1,2, 3}

Steps
+ Move everything to one side: 2 — 10 < 0

+ The critical points split the number line into intervals:

z; = —v10, 29 = V10
+ Signs on the individual intervals:

| (—00, —v10) (=+/10, v10) (10, c0)

2% —10 | + +

° In the real numbers z € (7\/ 10, v/ 10); in Z:
ze{-3,-2,-1,0,1,2, 3}

An equation and an inequality — the equation’s roots substituted into the inequality.

Input: x*2 - x - 6 = 0

X > 0

Result
98 = §
Steps

- First we solve the equation 22 — z — 6 = 0, then
substitute its roots into the inequalities.

+ Compute the discriminant:
D=0 —dac= (-1 —4-1-(—6) =25

+ Substitute into the quadratic formula:

-bt+vD 1+5
.’ELQ = - = —
2a 2
- The root £ = —2 does not satisfy the condition > 0,

so it is not a solution.

» The root z = 3 satisfies the conditions.

Graph

30

20

—y:mQ

— y=10

Solution of the inequality — where the relation
between the two curves holds

Intersections of the graphs:

° (fx/ﬁ, 10) ° (x/ﬁ, 10)

A circle and a half-plane — the solution is an arc, its end points don’t belong to it.

Input: x*2 + y*2 = 4



y > X

Result Graph
2 2 7
"ty =4 ’
’
2 ’
y>x .\/
7 N\
Steps ! / \
d \
+ The solution is the points of the curve z° + 3? = 4 lying 0 Y
in the region given by the inequalities. First we find this , 4 |
region: 1 7/ //
’
+ The boundary is the curve ¥ = % - drawn dashed, its P L -
points don't belong to the solution. 2 / e
7
+ Substitute the point [1; 0]: 0 > 1 doesn't hold — the >
solution is the part of the plane not containing the point. 3 2 ] 0 1 2 3
+ The end points of the curve's part: — 24yl =4 o y=1+v4- 22
[7\f; 7\@}, {\/ﬁ, \/ﬂ - on a dashed boundary, not ===y >T
part of the solution. The solution is the part of the curve highlighted in green —

the part lying in the shaded region. A filled end point
belongs to the solution, a hollow one doesn't.

End points:

o (—v2,—v2) o (v2,v2)

Known limitations

* A system with two or more equations together with inequalities is not solved yet; write decimals with
a point (x > 2.5).



Systems of equations

The app solves a system of linear equations in two unknowns by elimination (addition) or substitution,
and larger systems by Gaussian elimination — also in matrix form. You choose the method with a chip. A
system of two equations in two unknowns also gets a graph in which the solutions are the intersections
of the lines or curves.

A nonlinear system (say a circle and a line) is solved and drawn, so far without the working.

Examples

The elimination (addition) method.

Input: 2x + 3y = 7
x -y=1 Addition

Result Graph

Tz =2

y=1 g \

Steps 2 \
+ Multiply the first equation by 1 and the second by —2 so

that = cancels when they are added / ] \
26+ 3y =7 0 :
242y = 2 /
-1
+ Add the equations, Z cancels: 5y = 5 /
« Solve:by =5 = y=1
-1 0 1 2 3 4 5
+ Substitute into equation2:z —1=1 = = =2
7T 2z

— 2 +3y=7% y=-— —
T T 9y Y=37 3
—_—zc—y=1 y=z-1

Intersections of the graphs:
e (2,1)

Each intersection corresponds to one solution of the system — its
coordinates are the values of x and y.

Three equations — Gaussian elimination.

Input: x +y +z =6
2Xx -y +2z =3



X +2y -z2=2 Gaussian elimination

Result

z=1

y=2

z=3

Steps

+ Eliminate * from the equations below
T+yY+2==6
—3Jy—2=-9
y—2z2=—-4

- Eliminate ¥ from the equations below

T+y+2=06
—Jy—z2=-9
=5 = =3}

+ Solve: —2=-3 = z2=3
- Substitute into equation 2: =3y —3 = -9 = y=2

+ Substitute into equation l: x +5=6 = z =1

A circle and a line.

Input: x~2 + y”2 = 25

X+y =7

Result

ry =3, =4
Ty =4, y2 =3
Graph

N

8 6 4 2 0 2 4 6 8 10
— 22y’ =25 & y==+v25 2’
—_—xty=7& y=7—=
Intersections of the graphs:
e (3,4) e (4,3)

Each intersection corresponds to one solution of the system - its
coordinates are the values of x and y.



Known limitations

e Nonlinear systems come without the working for now.



Equations and inequalities with a parameter

A letter in an equation besides the unknown is a parameter — any real number the solution depends on.
The app rearranges the equation into the form A-x = B (a quadratic one into A-x2 + B-x + C = 0) and
discusses the solution by the parameter's values: where the coefficient of the unknown is zero, where the
discriminant is positive, zero or negative, where the conditions exclude a root and for which values the
problem makes no sense. The result sums up the cases.

The app takes the unknown in the order x, y, z, u, v, w, t; the other letters are parameters. Choose another
unknown with the “Unknown” chip or write it after a comma. The graph shows all solutions as a curve (a
region for an inequality) in the parameter—unknown plane; pick the parameter's value with the slider and
read the solutions off the vertical line.

In an indefinite integral, other letters are constants — the app adds which must not be zero (| dx/(a - bx)?
forb # 0).

How to enter it

2ax + a = 4x Every other letter is a parameter; the unknown is x (or
Y, Z,...).
(g+3)x = 2x + g, unknown q You can name the unknown or the parameter after a

n o u

comma (“a is a parameter”, “unknown q").



Examples

A linear equation — no solution for a = 2.

Input: 2ax + a = 4x

Result
a
= 2
= 3G-a °7
zc 0, a=2
Steps

+ The unknown is &, the parameter @ is any real number.
The solution depends on its value, so we go through the
individual cases (discussion of the solution).

- Rearrange into the basic form: 2(a — 2)z = —a
+ Fora # 2, 2(a — 2) is non-zero, so we can divide by it:
a
T =

2(2-a)

* For a = 2, the coefficient of the unknown is zero:
0-z=-2sozcl

Graph

4 2 0 2 4
—_— 2xa +a = 4x

Every point [a; x] of the curve is a solution. For a chosen value of a,
the solutions lie on the vertical line = move it with the slider.




A quadratic equation — discussed by the discriminant.

Input: x*2 + 6x + p = @

Result Graph
17172:—3:&\/9—;0, p<9
z = -3, p=9 :
z € (), p>9 4
2
Steps
« The unknown is &, the parameter P is any real number. 0 ®
The solution depends on its value, so we go through the )
individual cases (discussion of the solution). ’
+ Rearrange into the basic form: 2* + 6z + p = 0 -4
» The discriminant depending on the parameter: -6 /—.
D=62-4-1-p=36—4p =4(9 — p)
-8

+ Forp < 9,D > 0 and the equation has two different roots:
219 =-3++/9-p

) ) -4 -2 0 2 4 6 8 10
- Forp > 9,D<0andthe equation has no real solution.

2
: — " +6z+p=0
+ Forp =9,D = 0 and the equation has one double root: p
r=—3 Every point [p; x] of the curve is a solution. For a chosen value of p,
the solutions lie on the vertical line — move it with the slider.

S

p=1: z~-583 —0.17

An inequality — the coefficient's sign decides the direction.

Input: 2x + 2p - 5 < 2px + 7

Result Graph
p—6 1
r<—— p<1 i
p—1 I
10
r eR, p=1 "
p—6
r>——, p>1 5 ]
p—1 y;
= -
Steps 0 -
/
+ The unknown is Z, the parameter P is any real number. /
The solution depends on its value, so we go through the 5 !
individual cases (discussion of the solution). :
+ Rearrange into the basic form: 2(1 — p)z < 2(6 — p) 1
+ Forp < 1,2(1 — p) is positive - dividing keeps the 0 ® 0 ° 10
. N p—6 p—6
inequality sign: < o mmm 204+ 2p -5 <22p+7 & x="——
p p—1

- Forp > 1,2(1 — p) is negative - dividing reverses the The shaded region contains all solutions [p; x]. For a chosen value
. . S p—6 of p, the solution is the highlighted part of the vertical line — move
inequality sign: ¢ > .

1 it with the slider.

+ For p = 1, the coefficient of the unknown is zero: .

0-z<10,soz € R
p=1



Known limitations

e So far linear and quadratic equations and linear inequalities; the full discussion by intervals with one
parameter only, with more parameters the general cases.

e Questions such as “for which p does the equation have a positive root” and systems with a parameter
are not supported yet.



Simplifying expressions

The app transforms an expression without an equals sign according to the chosen chip: it simplifies it (a
rational expression over a common denominator and cancelled, with conditions), expands it, factors it
(by taking out a common factor, by formulas and by synthetic division) or splits it into partial fractions -
as on paper, with equations for the unknown coefficients. Factoring is over the integers; if the expression
factors further over the reals (by irrational roots), the next step shows it. A root of a monomial is taken
out partly — with an even root as an absolute value where the base may be negative. Complex numbers
work too — a quotient by multiplying with the complex conjugate.

Examples

Simplifying a rational expression.

Input: (x*2 - 1)/(x*2 + 2x + 1)  Simplify
Result
rz—1

T+ 1

Conditions: & # —1

Steps

« Conditions — a denominator must not be zero:  # —1

o (z—-1)(z+1)
Factor the numerator and denominator: ———— 35—
(z+1)
5 z—1
Cancel the common factor 4 1: ——
r+1
Expanding.

Input: (x + 2)7*3  Expand

Result

% + 62> + 122 + 8

Steps

+ Multiply out the brackets and collect like terms:
2% 4 622 + 122 + 8



Factoring by synthetic division.

Input: x~3 - 6x”2 + 11x - 6  Factor

Result

(x —3)(x—2)(z—1)

Steps

+ Rational roots can only be divisors of the constant term
—6; 1, 2, £3, £6

+ Horner's scheme confirms the root x = 1 and divides the
polynomial by it:
1 -6 11 -6
111 -5 6

P(z) = (z — 1)(2* — 5z + 6)

- Substituting shows these candidates aren't roots:
P(-1)=-24+#0

+ Horner's scheme confirms the root = 2 and divides the
polynomial by it:
1 -5 6
211 -3

P(z)=(z —1)(z — 2)(xz — 3)

Partial fractions.
Input: (3x + 5)/(x*2 + x - 2) Partial fractions

Result

8 1
3@—1) | 3(z+2)

Conditions: « # —2, x # 1

Steps

« Conditions — a denominator must not be zero:

r#£ -2 x#£1
+ Factor the denominator: (z — 1)(z + 2)
o A B
Look for a decomposition of the form: —— + ——
z—1 =z+2

+ Multiply both sides by the denominator (2 — 1)(z + 2):
3z+5=A(zx+2)+ Bz - 1)

o 8
Substitutez = 1:8 =34 = A= =

. 1
Substitutez = —2: -1 = -3B = B = 3



Taking a root out partly, with an absolute value.

Input: sqrt(8a”5 b”2)  Simplify

Result
2a*|b|v/2a
Steps

+ Take what we can out of the root — powers under it come
out in front (with an even root as an absolute value
where the base may be negative): 2a%|b|v/2a

Dividing complex numbers.

Input: (3+4i)/(1-21) Simplify

Result

—1+2

Steps

« Multiply the fraction by the denominator's complex
conjugate, 1 4 2z
(3 + 44)(1 + 249) _ —5+10¢

- — 142
(1 20)(L 1 20) 5 e




Limits

MathSolver computes the limit of a function of one variable at a point, at infinity, and one-sided limits,
and proceeds as at school: first it tries to substitute into the function. The limit of a sequence (n — =)
works the same way — the form 1% too, or a sum of powers with the fastest growing term taken out.

If substitution gives an indeterminate form (0/0, oo/, ...), it chooses a transformation by the form of the
function — factoring and cancelling, multiplying by the conjugate, dividing by the highest power, a known
limit (sin x / x) or LHopital's rule, repeatedly if needed.

An infinite limit, or a limit that does not exist (the one-sided limits differ), is never passed off as a number
- the app says so in words and shows the one-sided limits. The result comes with a graph of the
function near the point with the limit value marked.

For the limit of a sequence the graph shows the points aj, a,, as, ... instead of a continuous curve.

How to enter it

lim(x->2) (x*2-4)/(x-2) A typed limit: after the word lim, in brackets the
variable, the arrow -> and the point, then the function.

lim(x->00) (3x72+1)/(x*2-5) A limit at infinity: infinity is written oo (minus infinity -
00).
lim(x->0+) 1/x A one-sided limit: + (from the right) or - (from the left)

after the point.
\lim_{x \to 0} \frac{\sin x}{x} From a photo, or in LaTeX as the camera recognizes it.

lim(n->00) ((n+2)/(n+1))~(2n+3) The limit of a sequence at infinity.



Examples

The indeterminate form 0/0 — we factor the numerator and cancel.

Input: lim(x->2) (x7*2-4)/(x-2)

Result Graph
2
. oxt—14
lim =4
=2 ¢ — 2 6
Steps °
: T, . . 0 4 ===
Substituting gives the indeterminate form = — the
expression has to be rewritten. 3
+ Rewrite and cancel
2
24 -2 2
fim St EZDEED
=2 x — 2 2 r— 2 2 -
* Substitute: Ef; (z+2)=2+2=4 .
-1 0 1 2 3
at—4
4= z—2
_——y = 4
Limit:
e (2,4)

Hollow dot - the value the function approaches (it need not be
defined at the point itself); dashed - the limit.



A limit at infinity — numerator and denominator divided by the highest power.

Input: lim(x->00) (3x72+1)/(x"2-5)

Result Graph
[ I
. 3z2+1 | |
lim S — 3 [ I
z—o T4 —H . \ |
[ I
[ I
Steps ‘ I

3 NP N P s s —
00 \ I
* Substituting gives the indeterminate form po the [ I
[ I
expression has to be rewritten. 2 I |
[ I
+ Divide the numerator and the denominator by 22 - terms I |
like c¢/x" tend to zero : l :
322 41 34+ ‘ '
A S S \ |
z—o00 T — 5 r—o0 1 — % | |
T 0 T T
[ I
[ I
[ I
5 0 5 10
3z2+1
= 2 -5
——y=3

Hollow dot - the value the function approaches (it need not be
defined at the point itself); dashed - the limit.

The known limit sin x / x.

Input: 1lim(x->0) sin(3x)/x

Result Graph
. sin(3z

lnn———i——l — 3

z—0 T

Steps

o 0
Substituting gives the indeterminate form 0 the
expression has to be rewritten.

sinx

* Use the known limit lim =1
z—0 T
. sin(3z) . sin(3xz)
lim = lim -3=1-3=3
z—0 T =0 3z

1 -0.5 0 0.5 1
sin (3x)

—_—y = =

-y =3

Limit:

e (0,3)

Hollow dot - the value the function approaches (it need not be
defined at the point itself); dashed - the limit.



LHopital's rule, applied twice in a row.

Input: 1lim(x->0) (e”x-1-x)/x"2

Result Graph
. —x+et—1 1 !
z—0 T 2

Steps

o 0
Substituting gives the indeterminate form 0 the

expression has to be rewritten.

LHépital's rule — differentiate the numerator and the
denominator

0.2

. —xter—1 . (—zter—1) et —1

lim 5 = lim 2 = lim

z—0 T z—0 (:L‘Q) =0 2T

0

. . i ) ) 0

Substituting gives the indeterminate form 0 the

expression has to be rewritten. : 05 0 05 .
+ LHépital's rule - differentiate the numerator and the et —1—gx

denominator Y= 2

.oes—1 . (em— 1)' . et

lim = lim 7 = lim — ——y = —

=0 2z z—0 (2;,1:) z—0 2
. ‘ er g 1 Limit:

Substitute: lim — = — = = 1

z—0 2 2 2 [} (0’_)
2

Hollow dot - the value the function approaches (it need not be
defined at the point itself); dashed - the limit.



The one-sided limits differ — the limit does not exist.

Input: lim(x->0) 1/x

Result

The limit does not exist — the one- —y=
sided limits differ.

Steps

+ Substituting gives a non-zero number over zero - the
limit is infinite, its sign from the left and from the right:

I 1 . 1
o .1 .1
One-sided limits: lim — = —oo, lim — = oo
r—0- T z—0t T
Graph
3
2

-0.5

0.5



The limit of a sequence — take out the fastest growing term 9".

Input: lim(n->00) (6~n+77n+97n)~(1/(2n))

Result

lim (6" + 7" + 9")% =3

n—o0

Steps

+ Take out the fastest growing term 9" — the others
divided by it tend to zero

1 2n 7n #
i (64 7+ 9% = i VB (T4 1) =

Graph

5

®e
3 ———-—-9000.000000000000000000000

® terms a_n limit of the sequence

The points are the terms a_n forn =1, 2, 3, ... If the sequence has
a limit, the terms approach it (dashed).



Derivatives

The app differentiates by the rules — the sum, constant multiple, product, quotient and chain rules — and
says at every step which rule it used. It also handles higher derivatives and the value of the derivative at
a point. Basic functions (x?, sin x, e ...) can also be differentiated from the definition, as the limit of the
difference quotient. The result comes with a graph of the function and its derivative.

For a function given implicitly by an equation in x and y (x® + y® = 3xy) it differentiates both sides by x (y
as a function of x) and expresses y', or uses the formulay’' = -F_x / F_y; it also finds y" and, at a given
point, the tangent and the normal, and draws the curve.

At a singular point (the curve crosses itself or has a cusp) it finds the tangents from the equation’s
lowest-degree terms — for the folium at the originx =0 andy = 0.

How to enter it

(x*2 sin x)' A derivative with a prime after the bracket.
d/dx (e*x / x) The d/dx notation, also from a photo (\frac{d}{dx}).
(x*3 1n x)"' Higher derivatives with more primes, or with the order

at the “Differentiate” chip.
(x*2 + 1) | _{x=2} The derivative at a point, or fill in the point at the chip.

x"2 sin x An expression with the “Differentiate” chip — there you
also choose the order, the point and the method (by
the rules / from the definition).

X"3 + y~3 = 3xy An equation in x and y — the “Implicit derivative” chip
(order 1 or 2, the method, a point [xo; Yo]) or “Graph of
the curve”; written diff(x"3+y*3=3xy, x).



Examples

The product rule.
Input: (x*2 sin x)'

Where the derivative is positive, the function increases; where it is
Result negative, it decreases. At the derivative's zeros the function has a
horizontal tangent.

] .
y = 2zxsinx + z? cosx

Steps

» Product rule (u-v)' =u"v +uv'

(x® sina;), = (mQ)! sinz 4 2% - (sinz)’ = 2zsinz + 2?

Graph

20

10

-10

-20

-4 0 0 2 4
— g = A F
y =2 sinz
—y’:2$sinm+x2cosm



The quotient rule.

Input: d/dx (e*x / x)

eI
Result —y==
’ ret — e” ,  xe® —e”
y - :132 Y 3:2

Where the derivative is positive, the function increases; where it is

negative, it decreases. At the derivative's zeros the function has a
horizontal tangent.

Steps

+ Quotient rule (u/v)' = (u"v - u-v')/v2

(ﬁ)’: () -z—e-(a) _mem—e

x x? 2

Graph

-10




The second derivative.
Input: (x*3 1n x)"'
Result Graph

y' =5z +6zlnz

Steps 15

* Derivative number 1: ¢/ = (2*Inz)’

Product rule (u-v)' =u"v + uv' 10

(z* lnw)l = (m3), ‘Inz+ 2 (Inz) =32 Inz + 22

+ Derivative number 2: ¢ = (12 + 322 1n x)! °
+ The derivative of a sum is the sum of the derivatives:
(1"2 +32°In x)/ = (xQ), + (3$2 In x)' 0
+ Take the constant out of the derivative:
(31‘2 lnx)l =3- (xQ lnm)’
» Product rule (uv)' =u"v + uv' -1 0.5 0 0.5 1 1.5
(1‘2 lnw)l = (m2), ‘Inz -+ x?. (lnw)l =2zlnz +x _— = 25 1n
— 3" =bzx +6zxlnx
* Substitute: Wh th d derivative i itive, the function i
2 r o ere the secon erivative Is positive, the tunction Is convex
(375 In ‘r) =3-(z+2zlnz) =3(z+2znz) (bends upwards); where it is negative, it is concave (bends
' downwards).
* Substitute: (z* + 3z°Inz) = 2z + 3(z + 2zInz)
« Simplify: " = 5z + 6z lnz
The derivative from the definition, as a limit.
Input: x~2 Differentiate — From the definition
Result Graph
/
Yy =2z
3
Steps
2
+ The derivative from the definition
o fl@+h)—f@) . (@+h) a2 !
y' = lim = lim
h—0 h h—0
0
o 0
Substituting gives the indeterminate form 0 the
S
expression has to be rewritten.
- Rewrite and cancel 2
h)* — 22 h(2z + h
T Gl el St (G o D T P 3
h—0 h—0 h—0
0 ; dim (22 + h) = 22
Substitute: Jﬁo( ) . & . G :
—_—y = 72
— y' = 25

Where the derivative is positive, the function increases; where it is
negative, it decreases. At the derivative's zeros the function has a
horizontal tangent.



An implicit derivative — the folium of Descartes, the tangent and the normal at [3/2; 3/2], the second

derivative.

Input: x~3 + y*3 = 3xy

Result
y/__$2_y
vz
2xy
y/r__ - -
(v* - z)

3
/

Y= 1
v(3)
tty=3—=x
ny==w

3 32
mevy - _°°
v'(5) 3

Conditions: 3> —x # 0
Steps

+ The function y = y(x) is given by the equation
z? 4 9® = 3xy - we differentiate both sides by x, taking
y as a function of x (the chain rule: e.g. (y3)' = 3y2y').

+ Differentiating both sides:
(z* +3%) = (3zy) = 3y’y + 32 = 3zy’ + 3y

+ The terms with y' to the left, the rest to the right, y'
factored out: y"(?»y2 - 3:0) = 32>+ 3y

Graph

2.5

—_ y3 = 3xy

— tty=3—=z

e LY =T

The curve given by the equation. At the given point, the tangent
(solid) and the normal (dashed).

Implicit derivative, order 2, point [3/2; 3/2]

* f ool z% — Y
Expressingy:y = —

¥ -z

+ The second derivative - y' differentiated by x again (y
and y' are functions of x)

!
J - 7$2 —v\ _ 2z2yy’ — 2wy? — 2y + 2t — ay
PO ut — 2zy® + o2

+ Substituting y'
J = 2zy(z +y+1)(z® —ay+y? —z -y +1)

(-2 +2)°
- Onthe curve z° + 4 — 3zy = 0 holds - which
" 2xy
simplifies it: ¥ = — 7 3
(v* — )

. 33
The point [5; 5] lies on the curve:
@ +y 3wyl , =0

o 3 3
The derivative at the point [5; 5] - the tangent’s slope:

!
oy 1
v (3)
o 3 3
Thetangent:yfg == 1:—5 =y=3—=z
+ The normal is perpendicular to the tangent, its slope is 1:
3 3
R _ O\ =g=
Y B T 9 Y=
. - . w9 32
The second derivative at the point: y (5) ===



Function analysis

The app analyzes a function in the usual order: domain, even or odd, intercepts, the sign of the function,
limits at the ends of the domain and asymptotes, the first derivative — monotonicity and extrema (also by
higher derivatives), the second derivative — concavity and inflection points, and finally the range. It sums
everything up in an overview and draws a graph with the points marked.

For a trigonometric function the app finds the period, examines the function on one period and writes the
results with the period (a maximum at x = /2 + 2km); if only the derivative is periodic (x + 2 sin x), the
extrema and monotonicity repeat with the period. Absolute values are removed by the signs on the
intervals and the one-sided derivatives compared at the corners; where the derivative is infinite, a vertical
tangent is shown. Nested absolute values and sums of absolute values are analyzed by pieces; where
the function is constant on an interval, this is stated with its value (a minimum at every point of the
interval).

How to enter it

analysis y = x*3 - 3x With the word “analysis” before the function.

X"3 - 3x A function with the “Analyze function” chip.



Examples

A polynomial — extrema and an inflection point.

Input: x~3 - 3x  Analyze function

Result

Domain: D(f) =R
Range: R(f) =R
Parity: odd

x-intercepts: {—\/g; 0}, [0; 0], {\/g, 0}

Increasing: (—oo, —1], [1, 00)
Decreasing: [—1, 1]
Local maximum: [—1; 2]

Local minimum: [1; —2]
Convex: [0, c0)
Concave: (—o0, 0]

Points of inflection: [0; 0]

| (Fo0 =vB) (=v3,0) (0,v3) (v3,0)
() | - + - +

The function is positive for z € (*\/g, 0) U (\/i oo)
and negative for z € (foo, f\/g) U (0, \/3)

+ The limits at the ends of the domain

lim f(z) = —o0

lim f(z) = co

+ The function has no vertical asymptotes.

f=@)

" No asymptote at #c0: k = lim % = oo

z—roo I

+ The first derivative: f'(z) = 322 — 3 = 3(z — 1)(z + 1)

+ Stationary points: f'(z) =0 = z=-1, =1

Steps

+ The sign of the first derivative — where it's positive the

+ Domain: D(f) =R
- f(—z) = (—z)® = 3(—x) = —2® + 3z = — f(z) — the
function is odd (its graph is symmetric about the origin).

« Intersections with the x-axis:
f@)=0 = z2=—V3, 2=0, z=+/3,ie
V35 0], [0; 0], [V3; o]

function increases, where negative it decreases:
| (7307 71) (71: 1) (17 OO)
HONE - +
/(@) / hY /

The function is increasing on (—oo, —1], [1, o) and
decreasing on [—1, 1]

c Atz = -1 f"(—-1) = —6 < 0 - a local maximum.

+ Intersection with the y-axis: f(0) = 0, i.e. [0; 0]

+ Atz = 1: f(1) = 6 > 0 - alocal minimum.

+ The sign of the function between its zeros and the points
outside the domain:

+ Local maximum [—1; 2], local minimum [1; —2]



+ The second derivative: f”(z) = 6z
- Candidates for points of inflection: f”(z) =0 = =10

+ The sign of the second derivative — where it's positive
the function is convex, where negative concave:
| (-0, 0) (0, 0)
f”(x) . +
f(=) n U

The function is convex on [0, c©) and concave on
(—OO, 0}

« Atz = 0: f”(0) = 6 > 0 - the first non-zero derivative
(from the third on) is of an odd order: a point of
inflection.

+ Points of inflection: [0; 0]

+ Range - from the monotonicity, extrema and limits:
R(f)=R

A rational function — asymptotes.

Input: x~2/(x - 1) Analyze function

Result

Domain: D(f) =R\ {1}
Range: R(f) = (—o0, 0] U[4, c0)
Parity: neither even nor odd
x-intercepts: [0; O]
Increasing: (—oo, 0], [2, co)
Decreasing: [0, 1), (1, 2]
Local maximum: [0; O]

Local minimum: [2; 4]
Convex: (1, co)

Concave: (—o0, 1)

Asymptotes: z =1, y=x +1
Steps

+ Domain - conditions  # 1: D(f) = R\ {1}

+ The domain D(f) = R\ {1} isn't symmetric about zero
- the function is neither even nor odd.

- Intersections with the x-axis: f(z) =0 = z=0,ie.
(05 0]

+ Intersection with the y-axis: f(0) = 0, i.e. [0; 0]

+ The sign of the function between its zeros and the points
outside the domain:

| (—00,0) (0,1) (1, )
)| - - =

Graph

20

-20

2 = 0 1 2
—_—y = ° — 3z

Notable points:

® maximum (—1,2) e inflection (0, 0)

® minimum (1, —2)

Local extrema in red, points of inflection in purple, a hollow circle
- a point where the function isn't defined; asymptotes dashed.

The function is positive for € (1, o) and negative for
z € (—o0, 0)U(0, 1)
+ The limits at the ends of the domain

lim f(z) = —o0

lim f(z) = —o0

r—1

lim f(z) = co

r—17

) =

lim f(x

T—00

+ Vertical asymptotes (an infinite limit there): z = 1

 Asymptote at #00: k = lim (=) -1,
r—too I

g= lim (f(z) = =) =1_theliney =z +1

T—+o0

+ The first derivative
2 -2z z(z-—2)

o) = e~ ey

- Stationary points: f'(z) =0 = z=0, 2 =2

+ The sign of the first derivative — where it's positive the
function increases, where negative it decreases:
| (7007 0) (07 1) (17 2) (27 OO)
T+ - -+
f(z) /! hY p /

The function is increasing on (—oo, 0], [2, c0) and
decreasing on [0, 1), (1, 2]

+ Atz = 0: f(0) = —2 < 0 - a local maximum.



« Atz =2: f’(2) =2 > 0 - alocal minimum.

- Local maximum [0; 0], local minimum [2; 4]
2

" The second derivative: f'(z) = T -3
(z—1)

+ The equation f”(x) = 0 has no solution.

+ The sign of the second derivative — where it's positive
the function is convex, where negative concave:
| (_007 1) (L OO)
@ T
f(z) n U

The function is convex on (1, c0) and concave on
(7007 1)

» The function has no points of inflection.

+ Range - from the monotonicity, extrema and limits:
R(f) = (—00, 0] U [4, c0)

Graph
[
[
[
[
10 .
I
I
I
! cd
5 | >
| ./,
| -~
-
-~
+ |
0 =0
-
=z I
I
I
-5 |
I
I
I
I
-4 2 0 2 4 6
22
—y:
z—1
———y=z+1

Notable points:
® maximum (0,0) ® minimum (2,4)

Local extrema in red, points of inflection in purple, a hollow circle
- a point where the function isn't defined; asymptotes dashed.

A periodic function — everything on one period, the results with the period.

Input: sin 2x + 2cos x

Result
Domain: D(f) =R
3v/3 343
Range: R(f) = —i, i
2 2

Parity: neither even nor odd
Period: p = 27

T
x-intercepts: {5 + k; 0}

i
Increasing: {—g + 2km, g + 2kﬂ':|

5
Decreasing: |:7(; + 2k, o + 27{71'}

6
7]

6

Local maximum: |:7r + 2km; 5

Local minimum: [5% + 2km; —

33
2
Convex:
™ . 1 3
— + 2km, m + arcsin | — | + 2k |, |— + 2k,
2 4 2
Concave:
1 3
|:7T + arcsin (Z) + 2km, 771— + Zk'fr] , [— arcsin (

Points of inflection:

1 3+/15
{g + km; O], |:7T + aresin (Z) + 2km; —T\/_] ,

Analyze function

Steps
+ Domain: D(f) =R

+ The function is periodic with the period 27 — we examine
it on one period (from 0 to 27) and repeat the results
with the period, k € Z.

+ f(—z) = 2cosa — sin (2&) — neither f(x) nor —f(x): the
function is neither even nor odd.
T
* Intersections with the x-axis: f(z) =0 = z = 5 + km,
™
i — + km; U}
i.e. {2 + KT
- Intersection with the y-axis: f(0) = 2,i.e. [0; 2]

+ The sign of the function between its zeros and the points
outside the domain:

[ (0.3) (5. %) (5 2n)
flz) | + = +

T 7r
The function is positive for = € (75 + 2kmw, — + Qkﬁ)

T 3w
and negative for z € 3 + 2k, = + 2km

+ A periodic function (that isn't constant) has no limit at
t00.

+ The first derivative: f'(z) = 2 cos (22) — 2sinz
+ Stationary points

5 3
f(z)=0 = w:g+2kﬂ,m:§+2lm,z:§,



+ The sign of the first derivative — where it's positive the
function increases, where negative it decreases:

0.5 GF FF (o)

fi(=) | + = + +
f@) | /7 N / /
T T
The function is increasing on r + 2k, r + 2km

T 5
and decreasing on 5 + 2k, = + 2km

3v3

—} local minimum

" Local maxi T ok
ocal maximum | — T
6 P

ﬁ: + 2%km; 7¥}

* The second derivative: f”(z) = —2cosx — 4 sin (2z)

+ Candidates for points of inflection

1
ffle)=0 = z= ngkﬂ', x = T + arcsin (Z) + 2k

- The sign of the second derivative — where it's positive
the function is convex, where negative concave:
| (0, %) (’Q—r, o + arcsin (%)) (7r+arcsm(i) 4
(=) — b =
flz) n u N

The function is convex on and concave on

-3n/2 - -T/2 0 /2 s 3n/2

— y =sin2z + 2cosz

Notable points:

3T
® maximum ( HW 3\2/§> ® inflection (77,0)
° mini T 33
minimum 5’ )

® inflection

1
® inflection | — arcsin (Z) )
L ]

3\/3) inflection (f 0)
' g 2’

3\/3)

wl:a

( 1

® inflection ( T + arcsin Z) 7_>
(%
(

Sy

® maximum (

s
1 315
® inflection (71’ + arcsin (—),—T)
3
® inflection (27r — arcsin (4), [)

Local extrema in red, points of inflection in purple, a hollow circle
- a point where the function isn't defined; asymptotes dashed.

® minimum

>| g

® inflection

T . 1 3
5 + 2k7, ™ + arcsin 7 + 2k7 |, - + 2km, 2T -

{ﬂ' + arcsin (i) + 2k, 3% + Qkﬂ'} , {7 arcsin (%)

+ Points of inflection

1
{g + km; 0}, {ﬂJrarcsm ( ) + 2k

2] I,

+ Range - from the monotonicity, extrema and limits:

rip = [-22, 2]

Graph

3

A A,




Tangent — vertical asymptotes, range R.

Input: tg x  Analyze function

Result

Domain: D(f) =R\ {g +kr: ke Z}
Range: R(f) =R

Parity: odd

Period: P — 7

x-intercepts: [k7; 0]

Increasing: (—g + km, g + k‘rr)

Convex: {kﬂ', g + krr)

Concave: (g + kw, T+ k'fr]

Points of inflection: [k7; 0]

T
Asymptotes: T = 5 + k=

Steps

s
* Domain — conditions  # — + km:

D(f) =R\ {2 +kr : kez}

+ The function is periodic with the period ™ — we examine
it on one period (from 0 to ) and repeat the results with
the period, k € Z.

« f(—x) = —tanz = — f(x) - the function is odd (its
graph is symmetric about the origin).

10.3) (5
f'(z) +
flz) | 7 Va

™ ™
The function is increasing on <7§ + k, 5 + kﬂ)

+ The function has no local extrema.

. 2tanx
The second derivative: f"(z) = —;
Cos™ T

+ Candidates for points of inflection:
ff2)=0 = z=knr

+ The sign of the second derivative — where it's positive
the function is convex, where negative concave:
| (0.5) (5.7)
() + =
f@) | v n

T
The function is convex on [IWT; =+ kﬂ) and concave
on (g + km, w™+ k?r}
+ Points of inflection: [k7; 0]

+ Range - from the monotonicity, extrema and limits:
R(f)=R

- Intersections with the x-axis: f(z) =0 = z =k, i.e.
[km; 0]

+ Intersection with the y-axis: f(0) =0, i.e. [0; 0]

+ The sign of the function between its zeros and the points

outside the domain:

| (0,3) (5,m)

@] + -

v
The function is positive for € (kﬂ', 3 + kﬂ') and
by
negative for ¢ € (5 + km, m+ kTr)

+ A periodic function (that isn't constant) has no limit at
t00.

+ The limits at the ends of the domain
lim f(z) = o0
T3

lim f(z) = —o0
5T

T
* Vertical asymptotes (an infinite limit there): € = — + k7

2

1

2

' The first derivative: f'(z) = ——
Ccos® T

+ The equation f'(x) = 0 has no solution - there are no
stationary points.

+ The sign of the first derivative — where it's positive the
function increases, where negative it decreases:

Graph
I I I I
I I I I
I I I I
| | | |
2 [ [ [ [
I I I I
I I I I
1 | | | |
| | | |
I I I I
| | | |
(U } - [ ] - [ - [ ] : q
I I I I
I I I I
I I I I
o | | | |
I I I I
| | | |
I I I I
2 | | | |
| | | |
I I I I
I I I I
-3n/2 - -n/2 0 /2 s 3n/2

Notable points:

® inflection (—27,0) @ inflection (—,0)
® inflection (0,0) @ inflection (m,0)

@ inflection (27, 0)

Local extrema in red, points of inflection in purple, a hollow circle
- a point where the function isn't defined; asymptotes dashed.



Hyperbolic tangent — horizontal asymptotesy = 1.

Input: tanh x  Analyze function

Result

Domain: D(f) =R

Range: R(f) = (-1, 1)
Parity: odd

x-intercepts: [0; 0]
Increasing: [R

Convex: (—o0, 0]

Concave: [0, c0)

Points of inflection: [0; 0]
Asymptotes: ¥ — —1, y =1

Steps
- Domain: D(f) =R

« f(—2) = tanh (—x) = — tanhx = — f(x) - the
function is odd (its graph is symmetric about the origin).

- Intersections with the x-axis: f(z) =0 = z=0,i.e.
[0; 0]

- Intersection with the y-axis: f(0) = 0, i.e. [0; 0]

+ The sign of the function between its zeros and the points
outside the domain:

| (=00, 0) (0, 00)
@) - +

The function is positive for € (0, co) and negative for
z € (—o0, 0)

+ The sign of the second derivative — where it's positive
the function is convex, where negative concave:
| (7007 0) (07 OO)
f”(l‘) + _
f(@) u n

The function is convex on (—o0, 0] and concave on
[0, o0)

- Atz = 0: f”"(0) = —2 < 0 - the first non-zero
derivative (from the third on) is of an odd order: a point
of inflection.

+ Points of inflection: [0; 0]

+ Range - from the monotonicity, extrema and limits:

R(f)=(1L1)

" Asymptote at —00: k = lim

" The second derivative: f"(z) =

+ The limits at the ends of the domain

lim f(z) = —1
lim f(z) =1

+ The function has no vertical asymptotes.

1@ _,
T—>—00 I o

q= Il_i)r_nocf(m) =1 _theliney = —1

' Asymptote at +00: £ = lim @ =0,
— 1 Ialoc ap
q*IE&.f(m) =l -theliney=1
. ) - , 1
The first derivative: f'(z) = ———
cosh”™ x

+ The equation f'(z) = 0 has no solution - there are no

stationary points.

+ The sign of the first derivative — where it's positive the

function increases, where negative it decreases:

The function is increasing on R

+ The function has no local extrema.

2tanh x

cosh? z

+ Candidates for points of inflection: f/(z) =0 = =z =0



Only the derivative is periodic — the extrema values grow with k.

Input: x + 2sin x  Analyze function

Result

Domain: D(f) =R
Parity: odd

Period: p = 27

x-intercepts: [0; 0]

2 2
Increasing: {_?ﬂ + 2k, ?"T + Qkﬂ']

2 4
Decreasing: |:;r + 2km, ?ﬂ- + 2]671’:|

2 2
Local maximum: {?ﬂ- + 2km; V3 + ?ﬂ =+ Zkﬂ']

4 4
Local minimum: [; + 2km; ?ﬂ- —V3+ rir}

Convex: [m + 2k, 27 + 2km|
Concave: [2km, m + 2km]

Points of inflection:

2k 2km], [m+ 2km; w4 2kT]
Steps

- Domain: D(f) =R

+ The function itself isn't periodic, but its derivative is
(period 27) — the monotonicity, extrema and convexity
repeat with this period, k € Z.

- f(—2) = —x — 2sinz = — f(z) - the function is odd
(its graph is symmetric about the origin).

- Intersections with the x-axis: f(z) =0 = z=0,ie.

[0; 0]

+ Intersection with the y-axis: f(0) =0, i.e. [0; O]

+ The limits at the ends of the domain

lim flz)=—

lim flz) =00

+ The first derivative: f/(z) = 2cosz + 1

+ Stationary points

2 4
fl(z)=0 = x:§+2kﬂ',l‘:?ﬂ—+2kﬂ'

+ The sign of the first derivative — where it's positive the

function increases, where negative it decreases:
10.5F) (&%) (2
fl=)| + = +
f@) | p A

2T 2m
The function is increasing on {7? + 2k, 3 + Qkﬁ]

27 4
and decreasing on {? + 2km, 5 + 2k7r]

0 2 2m
Local maximum 3 + 2km; V3t 3 + ka], local

4 4
minimum {?ﬂ + 2km; ?ﬁ — 3+ 2k7r]

+ The second derivative: f”(z) = —2sinz



- Candidates for points of inflection:
f'z)y=0 = z=Fkx

+ The sign of the second derivative — where it's positive
the function is convex, where negative concave:

| (0, 7) (m,2nm)
o) E—
flz) N U

The function is convex on [m + 2k7, 27 + 2km| and
concave on [2km, m + 2k

- Points of inflection: [2km; 2km|, [m + 2km; 7 + 2k7]

Graph

-3m/2 -m -m/2 0 /2 bt 3n/2

— y =T+ 2sinx
Notable points:
® inflection (—2m, —27)

4 4 i ion (—m. —
S (7 ™ \/—777r> @ inflection (—m, —m)

3 3
27 2w i g
® minimum [ ——, —v3 - — ® inflection (0, 0)
3 3
2 2 ; .
® maximum (?7\'/5+ ?> ® inflection (7, ™)

A7 4w ® inflection (2m, 2
® minimum | —, — — V3 i 2
3 3
Local extrema in red, points of inflection in purple, a hollow circle
- a point where the function isn't defined; asymptotes dashed.



Absolute value — corners, one-sided derivatives.

Input: |x~2 - 1] Analyze function

Result

Domain: D(f) =R

Range: R(f) = [0, c0)

Parity: even

x-intercepts: [—1; 0], [1; 0]
Increasing: [—1, 0], [1, co)
Decreasing: (—oo, —1], [0, 1]
Local maximum: [0; 1]

Local minimum: [—1; 0], [1; O]
Convex: (—oo0, —1], [1, c0)
Concave: [—1, 1]

Steps
+ Domain: D(f) =R
+ Remove the absolute values by the signs of their
arguments on each interval
-1, =z€(—o00, —1)

f@y=41-2% =zc[-1,1)
2 —1, z€El, )

+ — the function is even (its graph is symmetric about the
y-axis).
f(=2) = |(=e)* = 1| = [a* ~ 1] = f(2)

+ Intersections with the x-axis:
f®)=0 = x=-1, x=1ie [-1; 0], [1; 0]

+ Intersection with the y-axis: f(0) = 1,i.e. [0; 1]

+ The sign of the function between its zeros and the points

outside the domain:
| (7007 71) (717 1) (17 OO)
@)+ + +

The function is positive for
x € (—o0, —1) U (—1, 1) U (1, o0) and negative for
z €0

+ The limits at the ends of the domain

lim f(z) = oo

lim f(z) = co

+ The function has no vertical asymptotes.

" No asymptote at -00: k = lim @ _
z——o00 I

" No asymptote at +00: k = lim @) _
T—o00 T

+ The first derivative

223 -2z 2z(z—1)(z+1)
|e2-1] |z2 — 1|

f'(z)

+ Stationary points: f'(z) =0 = =0

« Atz = —1 there is no derivative - the one-sided

derivatives differ (fL(—1) = =2, fL(—1) = 2), the
graph has a corner there.



- Atz = 1 there is no derivative — the one-sided
derivatives differ (f (1) = —2, f_.(1) = 2), the graph
has a corner there.

The sign of the first derivative — where it's positive the
function increases, where negative it decreases:
[(c00,-1) (-1,0) (01) (1, )
f(z) = + - +
f(z) pN /! N 7

The function is increasing on [—1, 0], [1, co) and
decreasing on (—oco, —1], [0, 1]

Atz = 0: f"(0) = —2 < 0 - a local maximum.

Local maximum [0; 1], local minimum [—1; 0], [1; 0]

The second derivative
2022 —1)° 2z —1)°(x +1)°

‘9@271‘3 B {:17271{3

f'(@) =

The equation f”(x) = 0 has no solution.

The sign of the second derivative — where it's positive
the function is convex, where negative concave:
| (7007 71) (717 1) (17 OO)
[(x) + = +
flz) U N U

The function is convex on (—oc, —1], [1, o) and
concave on [—1, 1]

» The function has no points of inflection.

- Range - from the monotonicity, extrema and limits:

R(f) = [0, =)

Graph

2
— y=|z" -1
Notable points:
® minimum (—1,0) ® maximum (0, 1)

@ minimum (1, 0)

Local extrema in red, points of inflection in purple, a hollow circle

- a point where the function isn't defined; asymptotes dashed.



Cube root — a vertical tangent at zero.
Input: x~(1/3)  Analyze function

lim f(z) = —o0

Result e——00
lim f(z) =cc
Domain: D(f) =R Jim f(@)
Range: R(f) =R
+ The function has no vertical asymptotes.
Parity: odd
x-intercepts: [0; 0] " No asymptote at -c0: k = lim G 0, but
z——00 I
Increasing: R q= EIEI fx) = —o0
Convex: (—o0, 0] fz)
Concave: [0, o) " No asymptote at +00: k = lim “~— = 0, but
: 9 r—o0 I
Points of inflection: [0; 0] q= lim f(@) = oo
1
0 . s gl .
Steps The first derivative: f'(z) = 37
- Domain: D(f) =R - The equation f'(z) = 0 has no solution — there are no
stationary points.
© f(—x) = /(=) = ¥—x = — f(z) - the function is
odd (its graph is symmetric about the origin). + Atz = 0 the derivative is infinite (/7 (0) = oo,

f.(0) = o0) - the graph has a vertical tangent there.
- Intersections with the x-axis: f(z) =0 = z=0,ie. N

[0; 0] + The sign of the first derivative — where it's positive the
. . . . function increases, where negative it decreases:
+ Intersection with the y-axis: f(0) = 0, i.e. [0; 0] | (00, 0) (0, )
+ The sign of the function between its zeros and the points [(2) + +
outside the domain: f(@) 7 e
| (-20,0) (0, ) The function is increasing on R

O +
+ The function has no local extrema.
The function is positive for € (0, cc) and negative for

5 2

z € (—o0, 0) The second derivative: f" () = T s
v
+ The limits at the ends of the domain



* The equation f”(x) = 0 has no solution. e 0.5 0 0.5 1

ol

- The sign of the second derivative — where it's positive —y==c
the function is convex, where negative concave:

| (—o0,0) (0, )
(@) T — ® inflection (0,0) @ vertical tangent (0, 0)

Notable points:

f(a:) U N Local extrema in red, points of inflection in purple, a hollow circle
- a point where the function isn't defined; asymptotes dashed.

The function is convex on (—oc, 0] and concave on
[0, o0)

+ Points of inflection: [0; 0]

+ Range - from the monotonicity, extrema and limits:
R(f) =R

Graph

0.5

-0.5




A nested absolute value — by pieces, an even function.

Input: |-x72 + 2|x| + 3|

Result

Domain: D(f) =R

Range: R(f) = [0, c0)

Parity: even

x-intercepts: [—3; 0], [3; 0]
Increasing: [—3, —1], [0, 1], [3, o0)
Decreasing: (—oo, —3], [-1, 0], [1, 3]
Local maximum: [—1; 4], [1; 4]

Local minimum: [—3; 0], [0; 3], [3; O]
Convex: (—o0, —3], [3, )

Concave: [—3, 0], [0, 3]

Steps

« Domain: D(f) =R

+ Remove the absolute values by the signs of their
arguments on each interval

2% 4 22 — 3, x € (—o0, —3)
2
) —z*—-2x+3, =ze[-3,0)
T@ =9 20043 aco,3)
z? — 2z — 3, x € [3, 00)

+ — the function is even (its graph is symmetric about the
y-axis).

f(=2) = |~(==) + 2|(~2)| + 3| = |-=® + 2Ia| + 3| -

+ Intersections with the x-axis:

Analyze function

fl@)=0 = z2=-3, z=3,ie [-3; 0], [3; O]

+ Intersection with the y-axis: f(0) = 3,i.e. [0; 3]

+ The sign of the function between its zeros and the points

outside the domain:
| (7007 73) (737 3) (37 OO)
f(z) | + + +

The function is positive for
z € (—o0, —3) U (-3, 3) U (3, 00) and neqative for
zel

+ The limits at the ends of the domain

lim f(z) = oo

lim f(z) =0
T—00

+ The function has no vertical asymptotes.

' No asymptote at -00: k = lim @ -
r——00 I

" No asymptote at +00: k = lim M =
r—o0 T

+ The first derivative

_ —623 4 223|z| + 6z — 2z|z| 2z(z — 1)(z +

!
(@) z[—z® + 2lz| + 3| [~ +:

- Stationary points: f'(2) =0 = z= -1,z =1

+ At * = —3 there is no derivative - the one-sided

derivatives differ (f (—3) = —4, f1.(—3) = 4), the
graph has a corner there.



« At x = 0 there is no derivative — the one-sided
derivatives differ (f(0) = —2, f'.(0) = 2), the graph
has a corner there.

« At & = 3 there is no derivative — the one-sided
derivatives differ (f'(3) = —4, f'.(3) = 4), the graph
has a corner there.

+ The sign of the first derivative — where it's positive the
function increases, where negative it decreases:

| (-0, =3) (=3, -1 (-1,0) (0,1) (1,3)

f'(=) = + - + =
f(=) h /! N /! h
The function is increasing on [—3, —1], [0, 1], [3, o)
and decreasing on (—oo, —3|, [—1, 0], [1, 3]
- Atz = —1: f’(—1) = —2 < 0 - a local maximum.

« Atz = 1: (1) = —2 < 0 - a local maximum.

+ Local maximum [—1; 4], [1; 4], local minimum
[733 0]: [09 3}1 [35 0]

+ The second derivative

1248 + 2426 + 3625|x| + 22||® — 84xt — 96
f'(z) =

- The equation f”(x) = 0 has no solution.

+ The sign of the second derivative — where it's positive
the function is convex, where negative concave:

Notable points:

@ minimum (—3,0) @ maximum (—1,4)
® minimum (0,3) @ maximum (1,4)

® minimum (3,0)

Local extrema in red, points of inflection in purple, a hollow circle
- a point where the function isn't defined; asymptotes dashed.

| (=00, —3) (~3,0) (0,3) (3,00)
f”(ﬂ’,‘) T — — T
f(@) U N N U

The function is convex on (—o0, —3], [3, 00) and
concave on [—3, 0], [0, 3]

+ The function has no points of inflection.

+ Range - from the monotonicity, extrema and limits:
R(f) = [0, =)

Graph

20

—y=|— 2+ 2z| + 3



A sum of absolute values — a constant piece and two oblique asymptotes.

Input: |x - 2| + |x + 3| Analyze function
outside the domain:
Result
(—o0, )
Domain: D(f) =R 7(@) ¥

Range: R(f) =[5, o)

Parity: neither even nor odd

The function is positive for € R and negative for z € )

+ The limits at the ends of the domain

Increasing: [2, o0) lim f(z) = oo
r——00

Decreasing: (—oco, —3]

Constant: [—3, 2]

Local minimum: f(z) =5, ¢ € [-3, 2]
Asymptotes: ¢y = —2z — 1, y =2z + 1

lim f(z) = oo
T—00

+ The function has no vertical asymptotes.

f(z)

" Asymptote at -00: k = lim —— = —2,
Steps i T—-co &
g= lim_ (F(x) +22) = —1 _theliney = —2z — 1
- Domain: D(f) =R
" Asymptote at +00: k = lim M =3
+ Remove the absolute values by the signs of their ) z—00 T
arguments on each interval g= lm (f(z) —22) =1 _theliney =22 +1
(@) ;295 —L =€ ffgo’z)fg) + The first derivative
z) = z € [—
j ' 2 3 x|z -
2w+1, we(2 00 )= — 4 % + _E
[ ) F(=) [x—2] |Jz+3 |Jz—2] |z+3

+ - neither f(x) nor -f(x): the function is neither even nor ‘ , )
- The equation f’(2) = 0 has no solution — there are no

odd.
stationary points.
fl-z) =|(—2) = 2|+ [(—2) +3[ = [z —-2[+ 3=
+ Atz = —3 there is no derivative - the one-sided
+ The equation f(z) = 0 has no solution - the graph derivatives differ (f(—3) = =2, f1.(—3) = 0), the
doesn't cross the x-axis. graph has a corner there.
- Intersection with the y-axis: f(0) = 5, i.e. [0; 5] + At x = 2 there is no derivative — the one-sided
» The sign of the function between its zeros and the points
. . . ! 2 — 0 ! 2 — 2
derivatives differ (f_(2) , f1.(2) = 2), the graph has Graph
a corner there.
+ The sign of the first derivative — where it's positive the
function increases, where negative it decreases: -
| (7907 73) (737 2) (2’ OO)
e - 0 +
I(z) pN — / 10
The function is increasing on [2, 0o) and decreasing on S o =
(—o0, —3]. 0n [-3, 2] it is constant (f' = 0). 0 =~
- ~
+ Local minimum f(z) =5, = € [-3, 2], no local oz - S
~
maximum. -10 =€ Sk
e N
+ The second derivative: f”(z) =0 PR So
”
- The second derivative is zero — the graph is (part of) a 20
line, neither convex nor concave.
+ Range - from the monotonicity, extrema and limits: 5 0 5

R(f) =[5, o)
—y=|z—2|+|z+3
———y =21
———y =2z +1

Local extrema in red, points of inflection in purple, a hollow circle
- a point where the function isn't defined; asymptotes dashed.



Known limitations

* A function without even a periodic derivative (x-sin x) is analyzed only numerically on (-2m; 21m),
without the period; inverse trigonometric functions (arcsin, arctan) are not supported yet.



Taylor polynomial

The app builds the Taylor (at 0 the Maclaurin) polynomial of a given degree: a table of the derivatives at
the point, substitution into the formula and the remainder in Lagrange form. It can also find the degree
itself — the smallest one for which the error at a given point or on an interval stays below a given bound.
The graph shows the function and the polynomial; a slider changes the degree so you can see the

approximation improve.

How to enter it

taylor(sin x, @, 5)
maclaurin(e”x, 4)

taylor(e”x, 0, error=0.001, x=0.5)

In(1 + x)

The function, the point and the degree.
The Maclaurin polynomial — the point is 0.

The degree by the error at the point x (on an interval
enter r=... instead of x).

A function with the “Taylor polynomial” chip - fill in the
point, the degree or the accuracy there.



Examples

A polynomial of degree 4 with the remainder.

Input: taylor(ln(1 + x), 0, 4)

Result

2 z3
T —p 7
e)=e—o+3 -7
Steps

+ The Maclaurin polynomial (the Taylor polynomial at 0):

T.(z) = Z IO 5 =g
k=0

k!

+ The derivatives and their values at a

@ =m@+1)  f0)=0
fe) = 70 =1
ey FO=
f/fl(m) — ﬁ f/!l(o) — 2

@)= S0 =6

- Filling in the values of the derivatives

1 1., 2., 6,
T4(m):ﬁmf§x +§1‘ —u®
xz2 zd ozt
=r— — —_— = —
2 3 4
e (0,0)

Use the slider above the graph to pick the degree — with a higher
degree the polynomial approximates the function better, and
further from the point.

+ The remainder (the error) in Lagrange’s form, € between
Ji) 5 24
a and x: R4($) = '(6)90 = 5 z°
5! (€+1)° 5!

Graph

Degree: 4 ﬁ

-3 -2 <[ 0 1 2 3

— y=1In(1+x)

The point around which the polynomial approximates the
function:



The degree by the required accuracy — an approximate value of e*0.5.
Input: taylor(e”x, @, error=0.001, x=0.5)

keeps within the error

Result
22 p3 gt V= mor fO@), h=|z—al=05
Ty(z)=14+z2z+ — + — + — 16487
— 1. " 2 -3
( ) 2 6 24 n=1: [R|< o 0:5° = 0.2063 > 10
1.6487
f(0.5) ~ 1.6484 n=2: Rl <0050~ 00344 > 1070
1.6487
n=3: |Ry < -0.5*~4.3-1073 > 1073
Steps 4!
=4: |R L 16487 0.5° =~ 4.3-107* < 107°
+ The Maclaurin polynomial (the Taylor polynomial at 0): n=4: |[R< 510 T -

T, (z) = i f(k)'(o)wk, n=4
k=0

k! + The approximate value:

£(0.5) =~ Ty(0.5) = 1 648d

» The derivatives and their values at a 128
flz) =€ f0)=1
f@y=e  fO)=1
fl@)=et [0 =1
fffl(x) — ez fl//([)) — 1
fe)y=e 190 =1

+ Filling in the values of the derivatives

1 1 . 1 1,

Ty(z) = 1+ﬁm+am2+§m3+aw4
ZZR -
=1 _ 1 —
+Q3+2+6+24

+ The remainder (the error) in Lagrange’s form, £ between

aandx: Ry(z) = f(5)(£)m5 — §w5

5! 5!

« The lowest degree n whose remainder estimate at x



Graph

Degree; 4 ﬁ

50
40
30
20

10

-3 -2 il 0 1 2 3

—_— = e’
22 3 zt
= Ty(z)=1+x+—+ —+ —
(@) 2 6 24
The point around which the polynomial approximates the
function:
e (0,1)

Use the slider above the graph to pick the degree — with a higher
degree the polynomial approximates the function better, and
further from the point.



Indefinite integrals

The app integrates with the methods taught at school and says at every step what it does. It checks the
result by differentiating (the check is the last step) and draws the integrand and the antiderivative.

Roots of powers of the variable (¥(x#), V(x2)) are rewritten as powers with rational exponents; an
absolute value (Jcos x|, V(1 - sin2x)) is written with the sign function sgn.

If an integral has no elementary antiderivative (such as e*(-x2)), the app says so and gives it in terms of a
special function (erf, Si, ...).

How to enter it

int(x e”x, x) An integral with the variable.

int(x”2 sin x) Without the variable when there is only one.
[ x*2 dx With the integral sign, also from a photo.

X erx A function with the “Integrate” chip.

Basic integrals and substitution

The integral of a sum term by term, constants taken out, table integrals (also with a linear inner function)
and substitution when the integrand contains a function together with the derivative of its inside.



Examples
Term by term from the table.
Input: int(3x72 - 2/x + e”"x)
Result Graph

2
f 3z’ +e — Z |dr =2 +e% —2
T

Steps

+ The integral of a sum is the sum of the integrals 5

9 c
/(3m2+617 —) dr = f3.1'2d.r+/‘ezdx+/‘ff
a3 a
0
+ The constant taken out of the integral: /
/Swzdw = Sfm2dm

5 2 x3
From the table of basic integrals: fw dr = =

" From the table of basic integrals: /eI dr = e* -1 0.5 0 0.5 1
. 2 B 2
+ The constant taken out of the integral: —_ f(z) =32+ — —
2az— 2 [ 14 S er 91
TpAr=—ef A — F(z)=2"+¢" —2In|z|
. 1 The integrand f and the antiderivative F for C = 0 (another C shifts
From the table of basic integrals: f —dz =1In \m\ it up or down). Where f is positive, F increases; where negative, F
a3

decreases.

+ Check - the result differentiated gives the integrand:

2
(w3+elf2ln\w\)/ =3z 4" — =
&



The substitution t = x2.

Input: int(2x cos(x”2))

Result Graph

/2:0 cos (w2) dr = sin (wQ) +C

Steps n ”
5
+ The constant taken out of the integral:
/295 cos (w2) de =2 /aficos (:172) dx o 1A\ /X\ A
)/
+ Substituting ¢ = 22, dt = 2z dz: \7/ \7/
t
/wcos (:EQ) dr = f 0025 dt & U

» The constant taken out of the integral:

,
S
Pa
<
—7

10
cost 1
/ dt = — /costdt
2 2
" From the table of basic integrals: /costdt = sint -4 -2 0 2 4
_ 2
. -, ) sint  sin (z?) f(x) =2z cos (:L‘ )
Back to the original variable: — = . 2
2 2 — F(z) = sin (z°)
+ Check - the result differentiated gives the integrand: The integrand f and the antiderivative F for C = 0 (another C shifts
(sin (;1;2))/ — 92 cos (3;2) it up or down). Where f is positive, F increases; where negative, F
decreases.

An integral with constants a, b.

Input: int(1/(a - bx)"3)

Result

1 1
fﬁda}:—z—kc
(a — bx) 2b(bz — a)

Conditions: b # 0

Steps

+ From the table - the inner function is linear (ax + b), so
the result is divided by a:
1

dx
(a — bz)® 2b(bz — a)?

+ Check — the result differentiated gives the integrand:

1 o
2b(bx — a)® B (a— bz)®

Integration by parts

The app integrates a product of a polynomial with an exponential, a trigonometric function or a logarithm
by parts, repeatedly if needed; integrals like e* sin x by cyclic integration by parts.



Examples

Integration by parts twice in a row.

Input: int(x”2 e”x)

Result Graph

/:cze’“" dr = z%e® — 2ze” + 2¢" + C

Steps 8

+ By parts (Juv' =uv - Ju'v),u= g2, v'=e”, sou =2z, v =

e | et de = x?et — | 2xet dx

+ The constant taken out of the integral:

/2we$dm:2/memdm )
——
* Byparts (Juv'=uv-Ju-v),u=2,v =¢e",sou =1v=e¢e" _—
0
/weldm = ze’ 7/<e:”dm
" From the table of basic integrals: /eaj de = e” -1 0.5 0 0.5 1
R — 2T
+ Check — the result differentiated gives the integrand: f(w) * 26 . R N
(x%e® — 2me” + 2¢7) = % — F(z) = z°€® — 2ze” + 2e

The integrand f and the antiderivative F for C = 0 (another C shifts
it up or down). Where f is positive, F increases; where negative, F
decreases.

Rational functions

The app divides a rational function if needed, factors the denominator and splits the function into partial
fractions, which it integrates into logarithms and arctangents.

A denominator that can't be factored over the rationals (x* + 1, x° + 1) is factored over the reals — each
pair of complex conjugate roots gives a quadratic factor with no real roots.



Examples

Partial fractions.

Input: int((x + 1)/(x*2 - 3x + 2))

Result
r+1

Steps

+ The rational function split into a polynomial and partial
fractions:

1 3 2
/Ldm :f — dx
22— 3z 42 z—2 z-—1
+ The integral of a sum is the sum of the integrals
3 2 3 2
/ = dm:/ d$+/f—d
z—2 z-1 z—2 r—1
+ The constant taken out of the integral:
3
/‘7031': S/de
Tz —2 z—2

+ From the table of basic integrals:

1
/ de =In|z — 2|
z—2

+ The constant taken out of the integral:

/f 2 dm:fZ/ ! dz
r—1 z—1

+ From the table of basic integrals:

1
/ dz =In|z — 1]
z—1

- Check - the result differentiated gives the integrand

3 2
(Blnjz 2|~ 2Inje — 1)) = - -
zr—2 z-—1 z?—3

Graph
| |
| |
| |
|
10 ‘
|
|
| |
| |
0 t f
| |
| |
| |
-10 : !
|
|
|
-20 |
|
| |
| |
| |
R = 0 1 2 3
z+1
BTy

— F(z) =3z — 2| —2In|z — 1|

The integrand f and the antiderivative F for C = 0 (another C shifts
it up or down). Where f is positive, F increases; where negative, F
decreases.



Factoring the denominator x4 + 1 over the reals.

Input: int(1/(x"4 + 1))

Result
1 2
/Tdaz: £arctan Vo z—
=+ 1 4
Steps

 Factor the denominator over R: its complex roots come
in conjugate pairsr, r, and each pair gives a quadratic
factor (x - r)(x - r) = x2 - 2:Re r-x + |r|? with no real roots:

m4+1:(;v2+\/§:1:+1)(1‘27\/§1'+1)

- The rational function split into a polynomial and partial
fractions

/ 1 f V2z + 2 L2 V2
—  dr—
zt+1 4(z* +v2x +1) 4z —V2z-
+ The integral of a sum is the sum of the integrals
/ V2 +2 L 2= V22 ; f
z= | -
4(m2+\/§:1:+1) 4(w2fﬂm+l) .

+ The denominator has no real roots: a multiple of its
derivative split off the numerator gives In, the rest — after
completing the square — gives arctan

/ﬂ ff 204 V2
4( 2z +1 22 + 2z + 1

1
—f(m):$4+1

— F(o) = 22 arctan (va(=- v??))  V2a

The integrand f and the antiderivative F for C = 0 (another C shifts
it up or down). Where f is positive, F increases; where negative, F
decreases.

Trigonometric functions

+ The denominator has no real roots: a multiple of its
derivative split off the numerator gives In, the rest — after
completing the square - gives arctan

/ (JEQ:\f:;l) 7,‘ffx2f\}$+l o

+ Check — the result differentiated gives the integrand

(‘f . (\/5(93 - ?)) | V2arctan (V2o + 1

4

Graph

0.5

-0.5

Identities first (sin2x = (1 - cos 2x)/2, products into sums), for an odd power the substitution t = sin x or t
= cos x, for a rational function of sine and cosine a substitution by parity, and the Weierstrass
substitution t = tan(x/2) only as the last resort.



Examples

An odd power of sine — the substitution t = cos x.
Input: int(sin(x)”3 cos(x)"2)

+ Check — the result differentiated gives the integrand:

Result 5 3N
cos’ T cos’ T 9 .3
5 3 ( — ) = Ccos"Tsmn" T
9 . 3 COos” T COS° T 5 3
cos“ xzsin” xdx = T3
Graph
Steps
+ An odd power - the substitution ¢ = cos z, 0.4
sinz =1 — cos’z
dt = —sinzdz
0.2

/1c052 zsin® zdr = / (t4 — t2) dt
+ The integral of a sum is the sum of the integrals:

/(t4—t2)dt:/t4dt+‘[7t2 dt A9

. ) 5
From the table of basic integrals: /t4 dt = 3 ey

+ The constant taken out of the integral:

/—tht:f/tht
-4 -2 0 2 4

: 2 ¢ — f(x) = cos’zsin® z
From the table of basic integrals: [ t°dt = — -
3 cos’x  costx

—_— () = _
- Back to the original variable: (@) b) 3
5 3
t —coszT: cosTT _ cosTx The integrand f and the antiderivative F for C = 0 (another C shifts
5 3 it up or down). Where f is positive, F increases; where negative, F

decreases.

Hyperbolic functions

Table integrals (fsinh x dx = cosh x + C, [1/cosh2x dx = tanh x + C, ...), [tanh x dx by the logarithm of the
derivative, by parts (x sinh x, arsinh x), squares by the formulas sinh?x = (cosh 2x - 1)/2,tanh?x =1 -
1/cosh?x; the rest by the definition through exponentials.



Examples

The formula sinh2x = (cosh 2x - 1)/2.

Input: int(sinh(x)"2)

Result

inh (2
/sinhgmd:v = —g + w +
Steps

* Using the formula sinh® o = M:

2
5 h(2z) — 1
/sinhzmdm:/-%dw

+ The integral of a sum is the sum of the integrals

[0 Do [ e =20

z

o 1
From the table of basic integrals: [ 3 de = —3

+ The constant taken out of the integral:

/Coszﬂdw: %/cosh@m)dw

+ From the table — the inner function is linear (ax + b), so

inh (2
the result is divided by a: /cosh (2z)dz = w

» Check — the result differentiated gives the integrand

(,f e (296))’ _ cosh (2z) — 1

= sinh®z

2 4 2

Roots

Integrals with a root of a linear fractional function by substitution, with a root of a quadratic by an Euler
substitution, and binomial integrals by Chebyshev's conditions — when none of them holds, the app says
the integral is not elementary.



Examples

An Euler substitution.
Input: int(sqrt(x”2 + 1))

+ The constant taken out of the integral:

Result 9 1
[Zas(la
VR 1ds= Y1 Injzd
i r = o 1
+ 2 + From the table of basic integrals: [ 7 dt =In|t|
" From the table of basic int |-/1dt— !
Steps rom the table of basic integrals: BH="23
+ Euler’s substitution (type 1) v/ 22 + 1 =t — g — the + Back to the original variable
integral becomes one of a rational function of t . — In |m + \/xz—+1‘
21 2+1 =4+ vV-4+1: -+ )
= dz = dt 241 2 —z* —1)(6
e == 1)(
[ 1 (# + 1 + Check - the result differentiated gives the integrand
22+ ldz — = dt ec e result differentiated gives the integran
i /
Vel +1l In|z++vVa®+1
AR S I n | ‘ _ rE 1
+ The constant taken out of the integral 2 2

[y

4¢3 4 3

- The rational function split into a polynomial and partial
fractions

(2 +1)° / 2 1
——dt = t+-—+ =< |dt
/ & - t - 2
+ The integral of a sum is the sum of the integrals

2 1 2 1
t+ -+ < |dt= [ tdt —dt —dt
J(3g) o= fras [2an [

0 2
From the table of basic integrals: /tdt =5

Graph

18

10

5\

-10

-15

-4 -2 0 2 4

— flzx)=vz?+1
Vel +1 +ln|$+\/$2+1|
2 2

The integrand f and the antiderivative F for C = 0 (another C shifts
it up or down). Where f is positive, F increases; where negative, F
decreases.

- F(z) =




Known limitations

* For some integrals we find the result without the working — the app says so in the steps.

e A computation without steps that takes too long is stopped — the app says so.



Definite integrals and their applications

The app computes a definite integral by the Newton—Leibniz formula (the fundamental theorem of
calculus) and draws the area under the graph — the part above the x-axis in a different colour from the
part below. It also handles improper integrals and applications: area, arc length, volume and surface area
of a solid of revolution, also for curves given parametrically and in polar coordinates.

Definite integral
The app finds the antiderivative as for an indefinite integral and substitutes the limits. With a substitution
it converts the limits right away. If the integral has no elementary antiderivative, it computes it

numerically.

How to enter it

int(x*2, x, 0, 3) An integral with the variable and the limits.
\int_{@}*{\pi} \sin x\,dx From a photo or in LaTeX.
X"2 A function with the “Integrate” chip — fill in the limits in

the fields.



Examples

A substitution with the limits converted.
Input: int(3x”2 cos(x"3), x, 0, 1)
Result Graph

1
f 32 cos (z*) dz = sin 1 ~ 0.8415
0

Steps . \ /—\

- The constant taken out of the integral:

/3902 cos (1‘3) dr = 3[:1:2 cos (.7;3) dz 5
+ Substituting t = 2%, dt = 322 dz:
t -4
/w2 cos (2173) der = f CO; dt
» The constant taken out of the integral: -6

t 1
/COS dt = —/Costdt
3 3

" From the table of basic integrals: fcostdt = sint

0 0.5 1

— f(z) = 327 cos ($2)
- With the substitution, the limits are recomputed too - no

need to go back to the original variable: above the x-axis (+) below the x-axis (-)
z=0=1t=0, z=1=t=1 The definite integral is the area between the graph and the x-axis
- the part above the axis counts positively, the part below
+ The Newton-Leibniz formula, F(b) - F(a) negatively.

1
/ 327 cos (27) dw = [sint]é =sinl —0=sinl
0

Improper integrals

The app handles an infinite limit or an unbounded function with a limit of the antiderivative and says
whether the integral converges or diverges. If that limit cannot be computed, it decides by a comparison
test.



Examples

An infinite upper limit.

Input: int(1/x”2, x, 1, o00)

Result
1
1 T
Steps
0 . 1 1
From the table of basic integrals: [ ) dr = -

+ An improper integral - at an infinite limit and where the
function is unbounded we take the limit of the
antiderivative. The limits are finite, the integral
converges

/106 ﬁd‘r:}iﬂo (’é) —(-D=0-(-1)=1

Graph
0.8

0.6

0.4

0.2

-0.2

— f@) =

€T

above the x-axis (+) below the x-axis (-)

The definite integral is the area between the graph and the x-axis
- the part above the axis counts positively, the part below
negatively.



A function unbounded at the lower limit.

Input: int(1/sqrt(x), x, 0, 1)

Result Graph
1
1
—dr =2
fo Vi 2
Steps

o 1
From the table of basic integrals: / ﬁ dz = 2\/z

« An improper integral — at an infinite limit and where the
function is unbounded we take the limit of the

antiderivative. The limits are finite, the integral 03

converges
/lldzl'z\/‘zoz 0
—dar = 2 — r=2—0=
" VaE i
0 0.5 1
1
— ) = —
above the x-axis (+) below the x-axis (-)

The definite integral is the area between the graph and the x-axis
- the part above the axis counts positively, the part below
negatively.

Area under a curve and between curves

The app computes the area between a graph and the x-axis, or between two curves, as the integral of the
absolute value of the difference — parts above and below both count as positive. You don't have to enter
the limits: it finds them as the intersections of the curves.

How to enter it

area(x”2, x) The area between two curves, limits from the
intersections.

area(sin x, 0, pi) The area between a curve and the x-axis on an interval.

X2 A function with the “Integrate” chip — “Area between
curves”; fill in the second curve and the limits in the
fields.



Examples

The area between a parabola and a line.

Input: x~2 Area between curves, second curve x

Result : Thle Newton-Leibniz formula, F(b) : F(a)
3 2 1 1
1 /(fzgwt:x)dm:{fx—Jrl;} — - _0="=
S=- 0 3 2/, 6 6
6
Graph
Steps -

+ The limits are the curves’ intersections:

22=z=>zx=0z=1 12

- The area between the curves (parts above and below

b
count positively), S :f |f(z) — g(z)| da: 1

1
S:f ‘xz—az‘dx
0

0.8
+ The expression in absolute value doesn’t change its sign
on the interval - the absolute value removed by it:
1 1 0.6
/ ‘wzfm‘dm:/ (71'2+;1:)da:
0 0
+ The integral of a sum is the sum of the integrals: 0.4
/‘(79:2+z)d;c = ffa:gder/-md:v
) 0.2
+ The constant taken out of the integral:
/7w2dm = 7/m2dm
0
5 o 2 3
From the table of basic integrals: [ z°dz = 3
9 -0.2

o x
From the table of basic integrals: fwdx =3

0 0.2 0.4 0.6 0.8 1
—_ f(z) =2"
— g(z) ==

The shaded region - its area is the result (parts above and below
the axis count positively).

Arc length

The app computes the length of a graph on an interval by the formula | = [V (1 + f'2) dx. It tries to simplify
the root (for a semicircle it comes out as arcsine); where the integral has no elementary antiderivative,
the result is numerical.

How to enter it

length(x~(3/2), 0, 4) The arc length on an interval.



Examples

The length of a semicircle.

Input: sqrt(1 - x*2)  Arclength, limits -1 and 1
Result Graph
| =m =~ 3.1416

Steps

+ The length of the curve

l_/\/lJr(f \%

lff 1/1+ / o °

0.5

-1 -0.5 0 0.5 1
+ From the table of basic integrals:
1 . — f(z) =V1-2?
dr = arcsinx
vi—=z The highlighted arc — its length is the result.

+ An improper integral - at an infinite limit and where the
function is unbounded we take the limit of the
antiderivative. The limits are finite, the integral
converges

™

1
/ dr = lim arcsinz — lim arcsinz =
V11— 22 z—1 z——17

Volume of a solid of revolution

The app computes the volume of a solid of revolution about the x-axis by the formula V = mt[f2 dx
(between two curves as washers), about the y-axis by the shell method. It also shows the solid in 3D -
rotate it with your finger.

How to enter it
volume(sgrt(x), 0, 4) The volume of the solid rotated about the x-axis.

volume(x"2, @, 2, y) Rotation about the y-axis.



Examples

A paraboloid of revolution.

Input: sqgrt(x) Volume of a solid, limits 0 and 4

Result
V = 8 ~ 25.1327
Steps
« The volume of the solid of revolution about the x-axis,
b 4 4
v :77/ fz(l‘)d.’EZV:ﬂ'/ (\/E)de:ﬂ'f zde
a 0 0

. 22
From the table of basic integrals: fwd:c =3

+ The Newton-Leibniz formula, F(b) - F(a):

4
z
/ zdz = |:?} =8-0=38 The shaded region rotates about the x-axis — giving the solid
g D above; turn it with your finger.

+ The integral’s value times the constant in front of it:
V=n-8=8r Graph

Solid of revolution

Surface area of a solid of revolution

The app computes the lateral surface area by the formula S = 2nt[fV (1 + f'?) dx; the product under the
root often simplifies (for a sphere it comes out constant).

How to enter it

surface(sqrt(4 - x*2), -2, 2) The surface of the solid rotated about the x-axis.



Examples

The surface of a sphere of radius 2.
Input: sqrt(4 - x~2)  Surface of a solid, limits -2 and 2

Result

S = 167 ~ 50.2655

Steps

+ The lateral surface of the solid of revolution about the x-
axis

T
= Qﬂf f(x) ) dz, f'(z)= \/—1
*27r‘/‘ V4 1l1+ Tt da:727r
The shaded region rotates about the x-axis — giving the solid
" From the table of basic integrals: f2 dr =2z above; turn it with your finger.
+ The Newton-Leibniz formula, F(b) - F(a): Graph

/22019:: [22]°, =4 — (—4) =8
—5

+ The integral’s value times the constant in front of it:
S =2r.8=167

Solid of revolution

— f(z) =v4 -2

Parametric curves and curves in polar coordinates

Write a curve x = @(t), y = y(t) on two lines, a curve in polar coordinates as r = p(¢). The “Integrate” chip
then offers the area, length, volume and surface; the limits of the parameter are optional (without them
from 0 to 2m). Volume and surface are computed by rotating the part of the curve above the x-axis about

the x-axis.
How to enter it

=t - sin(t) A parametric curve on two lines.

y =1 - cos(t)

r =1 + cos(phi) A curve in polar coordinates (also r*2 = ... for a
lemniscate).



length(x=cos(t)”*3, y=sin(t)”3, t, o,
2pi)

Examples

The area under an arch of a cycloid.

Input: x = t - sin(t)
y =1 - cos(t) Area

Result

S =37~ 9.4248

Steps

+ The derivatives by the parameter:
z'(t) =1 —cost, ¥ (t) =sint

+ The area under a parametric curve (inside a closed one)

B
/ y(t) ' (t) dt

a

fort € [0, 27], S =

S =

27
f (72C05t+COSQt+ 1) dt‘
0

+ The integral of a sum is the sum of the integrals

/(72cost+0052t+1)dt:/1dt+/f2costdtf

" From the table of basic integrals: / ldt =t
+ The constant taken out of the integral:

/—2C05tdt:—2fcostdt

" From the table of basic integrals: fcostdt = sint

5 N 9 1+ cos2t
Using the formula cos®t = ———:

/cosztdt :/ w0 (27 +1 dt
2 2

« The integral of a sum is the sum of the integrals

o 1
From the table of basic integrals: / 5 dt = 3

The written form with the parameter and the limits.

/<c052(2t) +%) dt:f%dt+/cosz(2t) gt

t

+ The constant taken out of the integral:

‘[%@t)dt: %/cos(?t)dt

+ From the table — the inner function is linear (ax + b), so

in (2t
the result is divided by a: fcos (2t)dt = &2()

- The Newton-Leibniz formula, F(b) - F(a)

sin (2t
4

2T 3t
/ (72COSt+C052t+1)dt: [EfQSintJr
0



Graph

0 1 2 3 4 5 6
— r=1t—sint, y=1—cost

The curve given parametrically (or in polar coordinates), drawn for
the chosen limits of the parameter.

The length of a cardioid.
Input: r = 1 + cos(phi) Arc length

+ The constant taken out of the integral

Result
| =28 /72005 (g) dtp:72/005 (%) dy
Steps + From the table — the inner function is linear (ax + b), so

S ¥ . P
. the result is divided by a: (—)d —2 (—)
+ The derivatives by the parameter: p'(¢) = —sin ¢ SR IS B 21 /COS 2) %% B

+ The length of a polar curve for ¢ € [0, 2], + The Newton-Leibniz formula, F(b) - F(a)

= [ s [ ree(§) o= [rasn ()] =0~ 0=

27 2m .
l:/ \/(cos<p+l)2+(fsincp)2dcp:f 2
0 0

2T
2
+ We split the interval at the zero points of the expressions -[o
in absolute value () and remove the absolute value in
each part by its sign

2m L 2T
/ 2|cos (f)‘dtp:/ 2 cos (f) de+/ —2cos
0 2 0 2 w
+ The constant taken out of the integral

/2:;05(%) d¢:2/cos(§) dip

+ From the table — the inner function is linear (ax + b), so

the result is divided by a: /cos (g) dyp = 2sin (g)

(
o8 (7 + The parts’ values added up:

Cos(%)‘d@:4+4:8

+ The Newton-Leibniz formula, F(b) - F(a)

/ 2 cos (E) dp = {45in (f)]wzﬁlf():él
0 2 2719



Graph

05 0 0.5 1 1.5 2 25
— r=cos@+1

The curve given parametrically (or in polar coordinates), drawn for
the chosen limits of the parameter.

Curves given by an equation

For an equation in x and y (x® + y3 = 3xy) the “Integrate” chip offers the area, the length, the volume and
the surface. Without limits it takes the whole closed curve: a circle or an ellipse in parametric form by
cos and sin, a loop through the origin (the folium of Descartes) by the lines y = tx — the loop’s area then

exactly from the sectors, the length, volume and surface numerically. With limits in x it uses the upper
branch y = f(x).

How to enter it
X"3 + y”3 = 3xy A closed curve - the “Integrate” chip without limits.

yr2 = x"3 A curve that isn't closed — the “Integrate” chip with
limits in x (the upper branch y = x*(3/2)).



Examples

The area of the folium’s loop — by the lines y = tx and the sectors, S = 3/2.

Input: x~3 + y*3 = 3xy Integrate — Area

o 1 1
Result i hle — — — —
5 Back to the original variable: 3u 3(t3 n 1)
S =- + An improper integral — at an infinite limit and where the

function is unbounded we take the limit of the
antiderivative. The limits are finite, the integral

Steps converges
L ) o 9t2 . 3 3
+ The loop through the origin in parametric form by the ———di=lm | —————— | - | -5 ) =(
lines y = tx — substituted into the equation, x expressed 0 2(t3 + 1) f=oo 2(t + 1) 2
=B = B 5t _ t € (0; oo}
y=tr mit?’—}—l, yit?’—ﬁ—l’ y 0
Graph
+ The loop’s area from the sectors from the origin: S =
Yf(x'y' - y'x') dt, and on the line y = tx, x-y' - y:x' = x2 25
1 [~ >0 9¢2
S:—/ xQ(t)dt:/ ——dt 2
2 /g o 2(8+1)
1.5
- The constant taken out of the integral ]
9¢2 9 t2
[ .
288 +1) 2J (#+1) -
0
- Substituting u = t* + 1, du = 3¢* dt:
t2 1 0.5
/ﬁdt :f—Zdu
(t3 4 1) Ju K
+ The constant taken out of the integral:
1 1 1 45 41 05 0 05 1 15 2 25 3
ER Y i A
—_ 4 y3 = 3zy
0 1 1 2
From the table of basic integrals: / = duy = —— — 3t y = 3t
¢ “ 4+ 1 £ +1

The whole curve given by the equation; the part the computation
uses is highlighted.

Known limitations

 The arc length of y = ¥/x (and similar curves) is only computed numerically - it leads to an elliptic
integral, which has no elementary antiderivative.

* For parametric and polar curves the shaded area and the 3D solid are still missing; rotation only about
the x-axis.

* Rotation about the y-axis only for a region on one side of the axis.

* For implicit curves without limits only a circle, an ellipse and a loop through the origin are supported,;
rotation only about the x-axis.



Infinite series

For a numerical series the app first checks the necessary condition for convergence (the term test) and
then picks one test by the form of the series — geometric series, X 1/n?, the ratio, root, limit comparison,
integral or alternating series (Leibniz) test; for a series with alternating signs it distinguishes absolute
and conditional convergence. Where possible it sums the series. The graph shows the terms and the
partial sums.

Numerical series

The app finds the sum of geometric and telescoping series, series X P(n)q" and well-known series (X 1/n?
= 12/6); otherwise it computes it numerically. A finite sum is added up the school way - telescoping,
arithmetic, geometric, otherwise term by term. An equation with the sum of a geometric series is solved
too, with the condition of convergence |q| < 1 checked.

How to enter it

sum(1/n”2) The general term; the index n from 1.

sum(1/n”2, n, 1, 00) With the index and the starting value.
\sum_{n=1}*{\infty} \frac{1}{n"2} From a photo orin LaTeX.

1/n"2 The general term with the “Series” chip — fill in the

starting index in the field.

sum(2k+1, k, 1, 100) A finite sum — with the index, the lower and the upper
bound.



Examples

The series X 1/n? — converges, the sum is 1t?/6.

Input: sum(1/n”"2)

Result Graph
The series converges.
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The points are the terms a_n and the partial sumss_n=a_1+ .. +
a_n. If the series converges, the terms approach zero and the
partial sums its sum.



The alternating series test — converges conditionally.

Input: sum((-1)"~(n+1)/n)

Result

The series converges, but not
absolutely.

o0 n+1
Z C In2 ~ 0.6931

n
n=1
Steps
+ The necessary condition for convergence holds (it
_qyn+l
doesn’t decide by itself): lim & =0
n—oo n

+ The terms have both signs - absolute convergence first

2 | (—1)"T! =1
)
n=1 n=1

+ The harmonic series diverges — the terms grouped by
powers of two, each group at least 1/2
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. 1 o1
Leibniz's test: |a_n| = — decreases and lim — = 0 - the
n n—0o N

series converges.
1 n+1

o0
Conclusion: the series E —_—

converges, but not
n

n=1
absolutely (by Leibniz's test).

The ratio test and the sum.

Input: sum(n/2”n)

Result

The series converges.

o0

S5

n=1

Steps

+ The necessary condition for convergence holds (it

doesn't decide by itself): lim — =0
n—oo 2

+ The ratio (d’Alembert's) test — the series converges.
n n+1 1

o, 22 — [y 208 = )
n—oo @y n—oo 21 2

+ A series Z P(n)-q" summed by differentiating the
%)

q
geometric series: an" =—, 5=2
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The points are the terms a_n and the partial sumss_n=a_1 + .. +
a_n. If the series converges, the terms approach zero and the
partial sums its sum.
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The necessary condition fails — the series diverges.

Input: sum(n/(n+1))
Result

The series diverges.

Steps

« The necessary condition for convergence fails:
n
lim ——=1+#0
+1 7

n—oo N

Graph

20 o

10 ®

{ ]
.s............................

5 10 15 20 25 30
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The points are the terms a_n and the partial sumss_n=a_1+ .. +
a_n. If the series converges, the terms approach zero and the
partial sums its sum.

A telescoping sum - the first and the last term remain.

Input: sum(sqrt(2i+1) - sqrt(2i-1), i, 1, 60)

Result
60
Y (V2i+1-+v2i-1) =10

=1

Steps

+ A telescoping sum — neighbouring terms cancel, only the

first and the last remain:
60

Y (V2i+1-v2i-1)=11-1=10

i=1



An equation with the sum of a geometric series.

Input: sum((2”x)”n, n, 1, oo) =1

Result
r=—1

Steps

+ The series is geometric with the ratio q = 2* and

converges for [27| < 1; its sum:
= a 2
Ser-pt -
1—-q 1-2°

n=1
ox
1—27

Solve:

5 1
x = —1 meets the condition of convergence: 5‘ <1

Power series

For a power series the app finds the radius of convergence by the ratio test, examines the endpoints as
numerical series and states the interval of convergence; where possible also the sum. The graph shows
the partial sums with a slider for the number of terms.



Examples

The interval of convergence [-1, 1).

Input: sum(x”~n/n)

Result Graph
T e [_1’ 1) Terms: 5 ——-.
Steps
+ The radius of convergence R = 1 by the ratio test 20
fim (22| i |2 ': 2| <1
n—oo | Qy n—oo |M+ 1 s

(="
converges,
e 10

o0
The endpoint ¢ = —1; the series Z
n=1

but not absolutely (by Leibniz’s test).

' Th dpoint 1:th i i S di b
e endpoint # = 1: the series 2i iverges by
grouping the harmonic series’ terms.
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Pick the number of terms with the slider — the partial sums
approach the series’ sum only inside the interval of convergence.
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Taylor series

The app derives the Taylor series of a function from known expansions (e, sin x, In(1 + x), ...) by
substitution and determines its interval of convergence.

How to enter it

taylor(e”x, @, 00) The function, the point and oo instead of the degree; or
the “Taylor polynomial” chip — “Series”.



Examples

The series of In(1 + x) and its interval of convergence.

Input: taylor(ln(l1 + x), @, 00)

Result

> (-1)"an

1n(w+1):Z—, z € (-

n
n=1

Steps

From the known expansion In (1 + u) = Z

n
0 n+1 =t
L _Ny (DT e
withu = 2:In (z + 1) 72#
n=1
+ The radius of convergence R = 1 by the ratio test
a n
lim ”—“:nm‘f ':\w\<1
n—oo | Ay n—oco n+1

.Th dpoint 1:th i i ld' b
e endpoint # = —1: the series " iverges by

n=

grouping the harmonic series’ terms.

-1 n+1

o]
The endpoint z = 1: the series Z (T converges,

n=1

but not absolutely (by Leibniz’s test).

+ The interval of convergence: € (—1, 1]

o0 (71)n+1un
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Pick the number of terms with the slider — the partial sums
approach the series’ sum only inside the interval of convergence.



Fourier series

The app builds the Fourier series of a function on an interval taken as one period (without one on [-, m]),
or the sine or cosine series of a function on [0, L]. The function can also be given piecewise.

It computes the coefficients by integrals with the full working (integration by parts with the parameter n),
substitutes sin nt = 0 and cos nmt = (-1)" and uses symmetry for even and odd functions. At
discontinuities it determines the sum of the series by Dirichlet's theorem, and by substituting a point and
by Parseval's identity it derives sums of numerical series (such as X 1/n2 = 12/6). The graph shows the
periodic extension of the function and the partial sums with a slider.

How to enter it

fourier(x”*2, -pi, pi) The function and the interval.

fouriersin(x, 0, pi) The sine series (fouriercos — the cosine series).

-1, -pi < x< @ A piecewise function line by line, with the “Fourier

1, @ < x < pi series” chip.

X"2 A function with the “Fourier series” chip — choose the

kind of series and the interval there.



Examples

An even function — cosines only; the sums X 1/n2 and X 1/n4.

Input: fourier(x”2)

0 2 (7
Result The coefficient @o; ay = ;f z?dx
0
2 o0 o n
_7 4( 1) " From the table of basic integrals: [ o? dz =
f(.’l?) — ? + ——— C08 (’T‘LQS‘), ; rom the table of basic integrals: =
T
n=1 . 2[z3]" 2m2
Substituting the limits: ag = p [?L =3

Steps

0 2 [T
The coefficient @ a,, = — [ 2% cos (na) dx
+ The interval [—, 7] is one period: T = 2, half the € coetticient Tn- . = 7 _/0 (ne)

eriod [ = 7. We look for the series with the coefficients .
P ISt - By parts (fuv' = uv - Juv), u = g2, v' = cos (ne), so u' =

f@)~ 2+ 3" (a, cos (na) + b, sin (nz)) 2z, v = S (n2)
2 — n
L /$2 cos (n) dz z?sin (nz) / 2z sin (nx) de
ag = 7/ f(z)dz e n
™ -
1 [ + The constant taken out of the integral:
a, = %/ f(&) cos (nz) de /2$Sin(n$)d
. —Fdzx

2
== i d
. / zsin (nz) dz

by = %/_: f(z)sin (nz) dx "

+ By parts (Juv' = uwv - fuv),u=2,v' =sin (nz), sou' = 1,v

_ cos(nz)
+ The function is even, f(—x) = 2 = f(), so the sine n

coefficients are zero and the others can be computed /w oo (o) s = — z cos (nx) / ~ cos (nx) dx
over half the interval n
b, =0

9 [T + The constant taken out of the integral:
aoi;/ f(z)dw ,de:,l cos (nz) dz

0 n n

2 (7 d

Gn = ] f(@) cos (nz) dx + From the table — the inner function is linear (ax + b), so
sin (nx)

the result is divided by a: fcos (nz)dx =



n

For a whole number n, sinnm =0, cosnm = (—1)

Substituting the limits

2 [z?sin (nw) N 2z cos (nx)  2sin(nz)]" 4

Ko n le TL3

0

The coefficients substituted into the series

s(w) = %2 + Z 4(;21) cos (nx)

n=1

The periodic extension of the function is continuous, so
by Dirichlet's theorem the sum of the series equals f(x)
forz € [—m, 7|

Substituting z = 0 gives the sum of a series of numbers

S(O) _ 7'1'_2 +i 4(;21)ﬂ P i (7711)2n+1 B e

3 12
n=1 n=1

Substituting # = 7 gives the sum of a series of numbers
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The function is extended periodically. The slider adds terms of the
series - the partial sums approach the function; at a jump they
overshoot (the Gibbs phenomenon) and pass through the average
of both sides, marked by a point.

A piecewise function — jumps and the Gibbs phenomenon.

Input: -1, -pi < x < @



1, 0 < x < pi Fourier series

Result
f(z) = kz; ( 2k ) sin ((2k — 1)z)
Steps

+ The interval [—7, 7] is one period: T' = 2, half the
period [ = w. We look for the series with the coefficients

f(z) ~ % + 3" (a, cos (nz) + b, sin (n))

1 ™
ag = %/: f(z)de

%/:: f(z) cos (nz) dx
%/:: f(z)sin (nz) dz

Qap

by

+ The function is odd, f(—x) = — f(x), so the constant
term and the cosine coefficients are zero and the sine
coefficients can be computed over half the interval

a=a,=0

- %fow f(z) sin (nz) do

" The coefficient by: by,

2 m
=— / sin (nz) dx
T Jo

+ From Parseval's identity

2 (7 a? =

Graph

Termsupton=5

+ From the table - the inner function is linear (ax + b), so

the result is divided by a: /Sin (nz)dz = _cos(n)

+ For a whole number n, sinnm =0, cosnmw = (—1)"

+ Substituting the limits
- 2[ cos(nm)}ﬂ _2=2(-1)"
0

n
™ n nm

+ The coefficients substituted into the series:

s(z) = Z % sin (nx)

+ The terms with an even n are zero - only the odd
n =2k - 1 remain

= g Ak 1) sin ((2k — 1)z)

+ By Dirichlet's theorem the sum of the series equals f(x)
forx € (—m, 0) U (0, 7); at a point of discontinuity it is
the average of the one-sided limits

- —mt 14+ (—1
s(-m) = a(m) = LTEIETD 12D
0~ 0+ -1+1
) = LOVHIO)_ et

T
* Substituting z = 3 gives the sum of a series of

numbers
1) k+1

T 4(—1)F"! ( T
5(5)7Zw(2k 125221%1:_

— f(x)
— s5(x)

The function is extended periodically. The slider adds terms of the
series — the partial sums approach the function; at a jump they
overshoot (the Gibbs phenomenon) and pass through the average
of both sides, marked by a point.



A sine series and the sum 1 -1/33+1/53 - ... = 3/32.

Input: fouriersin(x*(pi - x), 0, pi)

Result

f(z) = i Ls sin ((2k — 1)z
o m(2k — 1)

Steps

+ We extend the function from [0, 7] as an odd function,
then periodically (T = 27) — a sine series

flz) ~ Z b, sin (nx), where

n=1

b, = %f(: f(z)sin (nz) de

. 9 [ ,
The coefficient b,: b, = - / x(m — z) sin (nz) dx
0

+ By parts (Juv' = u-v - fu'v), u = &(T — &), v' = sin (nx), so

u‘=ﬂ72m,v=7w
/w(ﬁfm)sin(nz)dm:wf e

- The constant taken out of the integral

/wdz:%/@wfﬂcos(nm)dz

n

- By parts (Juv' = u-v - fu'v), u = 2z — 7, v' = cos (nT), so

=g y=Sn (nx)

n

- For a whole number n, sinnm =0, cosnm = (—1)

(2z — ) sin (nx) 7/'2si

7

f(2$ — @) cos (nz) de =

+ The constant taken out of the integral:

2si 2
[P0 gy 22 [ )
n

n

- From the table — the inner function is linear (ax + b), so

the result is divided by a: /Sin (nz) dz = _cos(n2)

n

+ Substituting the limits

b, =— ;

™

2 [z2cos (nx) mxcos (nx) + (m — 2z) sin (nx
n n n

+ The coefficients substituted into the series:

s(z) = Z % sin (ne)

+ The terms with an even n are zero — only the odd

n =2k - 1remain

- 8
s(z) = ——————sin((2k — 1)z)
,g w(2k —1)°

il

+ The periodic extension of the function is continuous, so

by Dirichlet's theorem the sum of the series equals f(x)
forz € [0, 7]

™
* Substituting z = 3 gives the sum of a series of

numbers
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2 3 series — the partial sums approach the function; at a jump they
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Known limitations

» An unbounded function (such as In x on [0, 21t]) cannot be expanded - the series would diverge at the
point where the function grows without bound.

» When the coefficients lead to an integral without an elementary antiderivative (In x on [1, 3]), they are
expressed with the sine and cosine integrals.



Differential equations

The app solves first-order ordinary differential equations: separable, linear, exact, homogeneous (y' =
f(y/x)), Bernoulli equations and equations y' = f(ax + by + c). It recognizes the type itself and shows the
steps as taught at school — separating the variables, variation of the constant or an integrating factor, a
substitution, the potential of an exact equation. The integrals in the steps have steps of their own.

Higher orders: linear equations with constant coefficients of any order by the characteristic equation
(multiple and complex roots t00), a particular solution by the special right side (resonance and a sum of
right sides too) or by variation of constants, an initial value problem at zero by the Laplace transform too
(the "Method" chip). Further Euler's equation by x = et, y™" = f(x) by repeated integration and the reduction
of order — wheny is missing (p = y’) or xis (y' = p(y)).

The equation y' = y-(a(x):In y + b(x)) becomes linear by the substitution z = In y. A linear second-order
equation with variable coefficients is solved when one solution can be guessed (x* e, ...): the second
one by reducing the order (d'Alembert), the right side by variation of constants. The order is reduced by
more than one too (p = y‘™ with a second-order equation for p). With parameters the cases are told apart
— a damped oscillator by the sign of 62 - w? (overdamped, critical, underdamped), a resonance (y" + w2y
= cos 2t for w = 2) and the sign of a constant the integral depends on (y" = 2yy’). The Laplace transform
also solves an initial value problem at a point other than 0 (by the shift T =t - t;) and with parameters.

The result is the general solution with a constant C, for higher orders with constants C4, C,, ... (explicitly,
or implicitly where it can't be explicit); with conditions, the solution that satisfies them - initial and
boundary ones, including "no solution" and "infinitely many solutions". Constant solutions lost by dividing
are found too. Every solution is checked by substituting it into the equation. For the first order the graph
shows the direction field and solutions for different C, for higher orders solutions for different constants;
for an autonomous second-order equation (no x) a switch shows the phase plane (y, y') too.

How to enter it

y' = x*y The derivative with a prime.

dy/dx = x y”2 Leibniz's notation - it names the variable too (dm/dt,
dT/dt).

\frac{dy}{dx} = \frac{y}{x} + x Notation from a photo.

(2xy + 6x)dx + (X2 + 4y~3)dy = © The form M dx + N dy = 0 (an exact equation).

y' =y*2 +1, y(0) =1 An initial condition after a comma or on the next line.



dm/dt = m + 2, m(@) = 0 The function and the variable can be any letters.

y'' - 3y' + 2y = 3e”(2x) A higher-order equation — the derivatives with more
primes.

y @)} +2y'" +y =29 Higher derivatives as y*{(4)} (from a photo to0).

y''' +y =0, y(@) =1, y'(0) = 2 Initial conditions y(0), y'(0) — or boundary ones at

different points.

\ddot{x} + \omega”2 x = @ Newton's dots (derivatives by time t) and Greek
parameters.

Examples

A separable equation — the general solution and the direction field.

Input: y' = x*y

Result Graph
22 U L T O L\ A O Y O Y
y=Ce7r, CeR v NN
. T T O U TR R NS 5770 O O A e A B
TP vt vY YN/ T1T 11111
Steps LU IANNEL 100
+ A separable equation - the right side is a product of a 2 ‘ ‘ \ \ \ \ \ \ \"/ / / ” ’ ’ ’ ’ ’
‘ . : . T YN VY NNNTZ7 0T T 1T 11
flfnftlonofthevarlableandafunctlonof‘[he unknown: LU VAV ANANNSES 2 47 1T
y=r VAANNANNNNS~F—~~ /7771 1]
. Zzparatingthe variables (dividing, assuming ¥ # 0): 0 I NN
;:l"dw L7724 NN V0V
2 AN
. ) o fdy O U A /A5~ O\ T 1 T
Integrating both5|des4/ 7 —fmdm RN AA NSRRI
1 7 N Y I /0 o\ W1 W I I
) Fromthetableofbasicintegrals:/—dy:ln\y\ T I A O I 772 o\ N A
y I O Y A O O T I
. o x2 T A 1 7\ U T O T O

From the table of basic integrals: /wdac = =
2 -4 -2 0 2 a4

2 - B
The general solution in implicit form: In |y| = % +C selllens 1o ElREET E

- An X The short segments show the direction the equation prescribes at
' Exponenglatlng - the constant te"C is called C again: each point (the direction field). The grey curves are solutions for
Y = Cer different C — they touch the segments everywhere.

+ The constant solution ¥ = 0, excluded by dividing, is in
the general solution for C = 0

* Check - the solution's derivative o/ — Cme% substituted
into the equation gives an identity.



The initial condition determines the constant C.

Input: y' = y*2 + 1, y(0) =1

Result

tan (5 + )
=tan (T + —
y=rta 1

Steps

+ A separable equation — the right side is a product of a
function of the variable and a function of the unknown:

v=v+1
- Separating the variables (dividing, assuming 3> + 1 £ 0
dy
=5 =dx
Y-+ 1

0 dy /
Integrating both sides:/i = [ dx
grating ¥+ 1

+ From the table of basic integrals:

1
——— dy = arctan
21y 4

" From the table of basic integrals: / lde =z

+ The general solution in implicit form: arctany = « + C'
- Expressing the solution: y = tan (z + C)

+ Substituting the initial condition y(0) = 1:

1:tan0:>czg

+ The solution of the initial condition (the particular

T
solution): ¥ = tan (33 + 1

The short segments show the direction the equation prescribes at

each point (the direction field). The grey curves are solutions for
different C - they touch the segments everywhere. Highlighted is
the solution of the initial condition; the point is the initial
condition.

" Check - the solution's derivative ¥’ =

Graph
(O A
O T (I
. RN
[T [T ]
LIC A )
I I
2 Wi
/ ¥/,
/Y YL
Wil ) AV}
V17 Ay &
/
2 - Il
LI 1l
(Y|
yyall | | 1) (]
NI CfE e
1 En
1 [

4 7

—— solutions for different C

t (Jrﬂ.)
—_—y —tan |z + —
Yy n 1

N\ S =
N

—em el s

1

N =

el e em el e e e

cos? (x + %)
substituted into the equation gives an identity.
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A linear equation by variation of the constant.

Input: y' + 2y = e~x  Variation of the constant

x

. e
Result Check — the solution's derivative ¥ = == 2Ce

—2z

9 e’ substituted into the equation gives an identity.
y=Ce = +—, CeR

3 Graph
Steps

- A first-order linear equation y' + p(x)-y = q(x):
y+2y=e"

+ First the homogeneous equation (zero right side):
y +2y=0

L

N
St — A —— —
P S F——
S ————— —
S ——— —
S ———— —
P P o m e ) e e e
A R
J ot ———
/ e — —

" From the table of basic integrals: f? dr =2z

- The homogeneous equation's solution: g, = Ce™2*

—

+ Variation of the constant — we look for the solution as
y = C(z) e %; substituted into the equation:
C'(z)e ™ =¢°

+ Hence C'(z) = &**

N
—_——— e — T~
—_———— — — — —
—_——— e — — — ~
—_—_—— e —
—_——— e ——

S, Sy
—_——— e — —

- From the table — the inner function is linear (ax + b), so
et

the result is divided by a: fe“ dr = Ty

) —_———————

A

5 —— solutions for different C
T

" Integrating: C(z) = /531 dz = % +C

The short segments show the direction the equation prescribes at
. each point (the direction field). The grey curves are solutions for

" The general solution: y = Cle 2 4 % different C — they touch the segments everywhere.



The same equation by an integrating factor.

Input: y' + 2y = e”x Integrating factor

Result Graph
e’ (A0 T U T T T O
o —2x
y = Ce +§, CelR IR
RERIEEREE
L T L W T T
Steps L T O O A O
L T L Y O L T
+ A first-order linear equation y' + p(x)-y = q(x): L N T T W o S
Y42y = e AL VAR VRN
NN NN N NN NN
" From the table of basic integrals:/2dm =2z 3 Yy
+ The integrating factor: /,o(a:):e”‘h:eh 2 ; { 1 i // 5 { 4 {
« Multiplying by the integrating factor — the left side is the [
derivative of a product: (yeh),:eh FE
' PR I T [ I I 1
+ From the table — the inner function is linear (ax + b), so ; ; j ’; ; j ; ; ;
3z
theresultisdividedbya:/e"‘“”da::% Crr
o3 -4 2 0 2 4
* A A ey 2
Integrating both sides: ye™ = 3 +C —— solutions for different C
" The general solution: ¥y = Ce 2 e—r The short segments show the direction the equation prescribes at
3 each point (the direction field). The grey curves are solutions for
z different C — they touch the segments everywhere.

. € _
Check — the solution's derivative ¥’ = 3 —2Ce %

substituted into the equation gives an identity.



A homogeneous equation — the substitution u = y/x.

Input: y' = (x - y)/(x + y)

+ The constant taken out of the integral:
Result

1 1
> —2zy—y?=C, CE€R /L;msz;m

o 1
From the table of basic integrals: / . de = In |z|

Steps
+ The general solution in implicit form:
+ A homogeneous equation - the right side depends only In|—u? — 2u+ 1]
the ratio y/x: ¥ = 2 =0 -]
on the ratio y/x: o
Y + Exponentiating — the constant te”C is called C again:
* The substitutionu = =, y = uzx, ¥y = u + zu’ turns 5 C
T 9 —ut—2u+l=—
the equation into zu’ = —u — 1 + T ;1:
Bar + The constant solution ¢, — —1 — /2, excluded by
+ Separating the variables (dividing, assuming dividing, is in the general solution for C = 0
u+1
u? +2u — 1 # 0): m du = 7 dx + The constant solution 1, — —1 + /2, excluded by
dividing, is in the general solution for C = 0
" Integrating both sid f vl g /ld
ntegrating both sides: | ———F———du= [ ——dz . B — Dy — 2 I}
u +2u—1 & Back to the original unknown: W ==
T T
- The constant taken out of the integral:
u—+1 u+1 + The general solution in implicit form:
e du=— [ ——————du 2 2
—u* —2u+1 —u® —2u+1 z°—2zy—y =C

+ The numerator is the derivative of the denominator (or
its multiple), f(x) = —u? — 2u + 1, by the formula

M U = In U s
[ S =m0

u—+1 1 —2u — 2 In
S A R L . S
—u? —2u+1 2 —u? —2u—+1

Graph
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HEERRE N\
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—_————— N N N\ \\?;T\}&\}\{\\ VAL
-4 -2 0 2 %

—— solutions for different C

The short segments show the direction the equation prescribes at
each point (the direction field). The grey curves are solutions for
different C - they touch the segments everywhere.



A Bernoulli equation — the substitution z = y*(1-n) and the constant solutiony = 0.

Input: xy' - y = -xy”2

Result

2
Y= 210 CcR;, y=
Steps

* A Bernoulli equation y' + p(x)-y = q(x)-y": ¥ — g = —y?

o 1
The substitution 2 = —, 2’ = —1 Ey'tums the

| <~

z
equation into 2’ + p 1

+ First the homogeneous equation (zero right side):
& 4 Z_ 0
T

o 1
From the table of basic integrals: / . dx = In |z|

: ; ] c
The homogeneous equation’s solution: z, = —
x

+ Variation of the constant — we look for the solution as

1
z = C(zx) - —; substituted into the equation:
x

1
Clz)-— =1
(=)=
* Hence C'(z) = =
o 22
From the table of basic integrals: /wda: =3

2
" Integrating: C(z) = /mdg; = % +C

Graph

T T O |
T O A O i
MERNEEREN h
1 T T O B |
{1 T T T L A |
L L U T O A \
e W U U A W B \
AN N N N N W W O \
NN NN N NN NN ~

" Check - the solution's derivative y =

N SNy
S — Y
—_—_——— s/

—— solutions for different C
_—y = 0
The short segments show the direction the equation prescribes at

each point (the direction field). The grey curves are solutions for
different C = they touch the segments everywhere.

o C
The general solution: z = z JL =
2 a3
o 1 z C
Back to the original unknown: — = - + —
Y 2 x
"E ing the soluti _
xpressing the solution: ¥y =
P S Y z? +2C

+ Dividing excluded the constant solutiony = 0 - it is

another solution of the equation.

+ Renaming the constant (a multiple of an arbitrary

2x
22+ C
2C — 2x2
ot + 202 4+ 7
substituted into the equation gives an identity.

constant is an arbitrary constant): y =



1
o

An exact equation — the potential F(x, y) =
Input: (2xy + 6x)dx + (x*2 + 4y~3)dy = ©

+ The constant taken out of the integral:

Result f 3 3
4y° dy :4fy dy
v+ 2y+322=C, CeR
4
" From the table of basic integrals: /y3 dy = yz
Steps

« From 9F/dy = N: ¢'(y) = 4° = — g
+ An equation M dx + N dy = 0 — we check whether it is Y ') v P =y

exact (the left side a total differential): + The general solution in implicit form:
(2zy + 6x)dx + (4y3 + mz) dy =20 v +zly+ 322 =C
+ M=2zy + 6z, N = 44° + x%; the equation is exact, since
oM _, ON S
dy T Ox cmememlloenemdb s eadb e e e e e

P e N

+ The integral of a sum is the sum of the integrals:

/(6m+2ym)dm:f6wdm+f2ymdw

+ The constant taken out of the integral:
/dew = G/mdw

. i
From the table of basic integrals: fwd:c =3

+ The constant taken out of the integral:

/2ywdx:2y/wda: ] T i

. 2 4
From the table of basic integrals: fw dz = 5 —_————r——————

+ The potential F by integrating M with respecttox. = —————————fF —————— ———
F(z,y) = | (2zy + 6x)dz = 22y + 32 + (y) < < @ 2 4

—— solutions for different C

The short segments show the direction the equation prescribes at
each point (the direction field). The grey curves are solutions for
different C - they touch the segments everywhere.



The substitution z = x - y; Symja would lose a factor 2 here, the app checks the result.

Input: y' = cos(x - y), y(@) = pi/2

Result

y =z + 2arccot (z + 1)

Steps

+ The right side is a function of ax + by + ¢ — we take it as
a new unknown: y' = cos (z — y)

+ The substitution z = z — y, 2’ = 1 — ¥ turns the
equation into 2’ =1 — cos z

+ Separating the variables (dividing, assuming

lfcoszf[));L:dm

1—cosz

. dz
Integrating both sides:‘/i = /da:
1—cosz

+ No simpler substitution fits — the universal substitution
z
t = tan (—)
2
2t 1-—1¢2 2dt

— z= z
1+ % 1+t (1+1%)

1 1

1—cosz t2

1

o 1
From the table of basic integrals: f ) dt = ==

sinz =

+ Back to the original variable:

Sl e ()

" From the table of basic integrals: f ldz ==

- The general solution in implicit form:
z
—cot (=) = C
e (2) T

+ Expressing the solution: z = 2 arccot (C' — x)

+ Dividing excluded the constant solution z = 0 - itis
another solution of the equation.

+ Back to the original unknown: ¥y = = — 2 arccot (C' — )

+ Renaming the constant (a multiple of an arbitrary
constant is an arbitrary constant):
y =« + 2arccot (z + C)

™

* Substituting the initial condition y(0) = 5
g = 2arccot C = C =1

+ The solution of the initial condition (the particular
solution): y =  + 2 arccot (z + 1)

2 4+ 22

z? 4 2z + 2
substituted into the equation gives an identity.

" Check - the solution's derivative y =

The characteristic equation with complex roots -2 + 3i.

Input: y'' + 4y' + 13y = ©

Result

y = e 2*(C} cos (3z) + Cysin (32)),

Steps

+ Alinear equation with constant coefficients:
y' 4y + 13y =0

+ We look for solutions y = e*(Ax); substituting and dividing
by e*(Ax) gives the characteristic equation:

A 4ad+13=0

+ The discriminant D — 42 — 4 .13 — —36; the roots:
Alp=—-2£3¢

+ Each root A gives the solution e*(Ax), a root of
multiplicity k also x-e*(Ax), ..., x*(k-1)-e*(Ax), and a pair a
+ Bi the solutions e”*(ax)-cos Bx and e*(ax)-sin Bx. The
fundamental system:

Y = e 2 cos (3z), Yo = € 2 sin (3x)

+ The general solution:
y = e 2(Cy cos (3z) + Cy sin (3z))

Graph

< Solutions

Phase plane >

8 6 -4 2 0 2 4 6 8
—— solutions for different C

The grey curves are solutions for various values of the constants.



A special right side with resonance — 2 is a root of the characteristic equation.
Input: y'' - 3y' + 2y = 3e”(2x) Special right side

exponential), like terms collected: A = 3
Result

y = Ce® + Coe®® + 3ze®®, Cy,Cy ¢

+ A particular solution: ¢, = 3ze?”

+ The general solution:
y =y +y, = Cre” + Coe®™ + 3ze™

Steps
+ Alinear equation with constant coefficients: Graph
" _ 3q 2y — 3e2
Y Yy + 2y € o
« First the homogeneous equation (zero right side):
y' =3y +2y=0
+ We look for solutions y = e*(Ax); substituting and dividing LS
by e*(Ax) gives the characteristic equation:
A -3X+2=0
10
+ The discriminant D = (—3)* — 4 -2 = 1; the roots:
Al = 1, )\2 = 2
+ Each root A gives the solution e*(Ax), a root of 5
multiplicity k also x-e*(kx), ..., x*(k-1)-e*(Ax), and a pair a
+ Bi the solutions e*(ax)-cos Bx and e*(ax)-sin Bx. The
fundamental system: y, = &%, y, = e** 0 — —
+ The homogeneous equation's solution:

yn = Cre” + Cye®®
+ The right side 3¢2* has a special form; the number 2 is a

root of the characteristic equation (multiplicity 1), so the solutions for different C

form is multiplied by x: y, = Aze®®
P Y X Yp The grey curves are solutions for various values of the constants.

+ The derivatives:
Y, = 24z + Ae¥, y = 4Axe* 4 44

+ Substituted into the equation (divided by the



The right side tan x isn't special — variation of constants and the Wronskian.

Input: y'' + y = tan x
Result

y=Cicosz+ Cysinx —cosz -In|—
CC

Steps

- Alinear equation with constant coefficients:
y' +y=tanz

+ First the homogeneous equation (zero right side):
yu + Y= 0

+ We look for solutions y = e*(Ax); substituting and dividing
by e*(Ax) gives the characteristic equation: A2 + 1 =0

+ The roots of the characteristic equation: A\j2 = £

+ Each root A gives the solution e*(Ax), a root of
multiplicity k also x-e*(kx), ..., x*(k-1)-e*(Ax), and a pair a
+ Bi the solutions e*(ax)-cos Bx and e*(ax)-sin Bx. The
fundamental system: ; = cosz, Yy = sinx

+ The homogeneous equation's solution:
yp, = Cicosz + Cysinze

- Variation of constants — we look for the solution as
y = Cy(z) cosz + Cy(x) sin z, the derivatives of the
functions C_k satisfy the system

Ci(z)cosz + Cf(z)sinz =0
70{(13) sinx + Oé (z)cosz = tanz

+ The system's determinant (the Wronskian)

cos T sin @
W = . =}
—sinz coszT
5 W, .
Hence Cj(z) = — = —sinz - tanz
w
. Wy .
Hence Cj(z) = W sinz

+ The constant taken out of the integral:

/fsinwmanmdm:f/sinm-tanzdm

+ The function is odd in cosine — the substitution t = sin

dt = cosx dx

12
/sinx-tanwdm:/—dt
(I—-t)(t+1)

+ The rational function split into a polynomial and partial

fractions

f%dt:f(*ﬁ*w—in)

+ The integral of a sum is the sum of the integrals

O w1

" From the table of basic integrals: / —1ldt =—t

+ The constant taken out of the integral:

1
/——dt:—ldet
2(t — 1) 2/ t—1



From the table of basic integrals:

1
/—dt:ln‘t—l‘
t—1

The constant taken out of the integral:
1 1 1
LI
2(t+1) 2/ t+1

From the table of basic integrals:

1
— dt=Tn|t+1
/t+1 nlt+1]

Back to the original variable
Infsinz + 1| In|sinz — 1|

2 2

t=sinx: —sinz = In

Integrated (the integration constants are already in the
homogeneous solution):

1
Cy(x) = /fsinl"tanxdw =sinz —In|—— +tanz
cos T

From the table of basic integrals: /sinmdw = —cosx

Integrated (the integration constants are already in the

homogeneous solution): Cy(x) = fsinm dz = —cosx

A particular solution: ¥, = —cosz - In + tanx

COsS T

The general solution
1

cCos ™

Y=yp+yp=Crcosz+Cysinz —cosz - In




An initial value problem — a system for the constants C,, C,.

Input: y'' - 4y' + 3y = e”(2x), y(@) =1, y'(0) =0
Result + Hence A = —1
Y= 2et — 6239 - A particular solution: y, = —e**
+ The general solution:
Steps Y=y +y, = Cre” + Coe™ — e*
« Alinear equation with constant coefficients: * The general solution's derivatives:
Y — 4y + 3y — ¥ Yy = Cre® — 2e* + 3C%e*®. The conditions give the
systemhence C; =2, C5, =0
+ First the homogeneous equation (zero right side):
" Ay 43 g,o d ( ¢ ) —-14+C +Cy =1
y - oy = —24C, +3C,=0
+ We look for solutions y = e*(Ax); substituting and dividing
by e*(Ax) gives the characteristic equation: + The solution satisfying the given conditions:
A 4N+3=0 y =26 — ¥
+ The discriminant D = (—4)” — 4 - 3 = 4; the roots: Graph
MN=1, A =3 rap
+ Each root A gives the solution e*(Ax), a root of
multiplicity k also x-e*(Ax), ..., x*(k-1)-e*(Ax), and a pair a 4
+ Bi the solutions e*(ax)-cos Bx and e*(ax)-sin Bx. The
fundamental system: g, = &%, 7, = €3 2
" ) ®
+ The homogeneous equation's solution:
— T 3z 0 / \
yp = Cre” + Cyhe
+ The right side ¢2* has a special form; the number 2 is not 2
a root of the characteristic equation, so we look for a
particular solution y,, = Ae?? 7
- The derivatives: ), = 24, y) = 44e*”
+ Substituted into the equation (divided by the 6 4 2 0 2 4 6

exponential), like terms collected: —4 =1

_y:2ez_821

The highlighted one satisfies the conditions, the points are the
given values.



The same problem by the Laplace transform.

Input: y'' - 4y' + 3y = e”(2x), y(@) =1, y'(0) =0 Laplace transform
Result Graph
y = 2¢% — 6235
4
Steps
+ Alinear equation with constant coefficients: 2 ®
Y — 4y + 3y =¥ o -~ \

* The Laplace transform of both sides: £(y) = Y, £(y") = sY
- y(0), £(y") = s2Y - sy(0) - y'(0); with the initial 2

1
conditions: (s°Y —s) — 4(sY — 1) + 3Y = p—

-4
o h v s—3
We express theimage Y: ¥ = ——————
. : (s—2)(s—1)
5 1 2 -6 -4 2 0 2 4 6
Partial fractions: ¥ = — , )
s—2 s5-—1 —y = 2" — 7
+ The inverse transform (by the table of images) gives the The highlighted one satisfies the conditions, the points are the
solution: y = L7H{Y} = 2% — &2 given values.

A boundary value problem with infinitely many solutions.

Input: y'* +y =0, y(@) =0, y(pi) =@

Result

y=Csysinz, Cy R

Steps
- A linear equation with constant coefficients: 3 +y = 0

+ We look for solutions y = e*(Ax); substituting and dividing
by e*(Ax) gives the characteristic equation: \2 +1 = 0

+ The roots of the characteristic equation: A1 2 = %i

+ Each root A gives the solution e*(Ax), a root of
multiplicity k also x-e*(Ax), ..., x*(k-1)-e*(Ax), and a pair a
1 Bi the solutions e*(ax)-cos Bx and e*(ax)-sin Bx. The
fundamental system: y; = cosx, y; = sinx

- The general solution: ¥y = € cosz + Cysinx

+ We substitute the conditions into the general solution
hence C; =0

Ci=0
-, =0
+ The constant C, stays arbitrary — the problem has

infinitely many solutions.

- The solution satisfying the given conditions:
y=Chsinzx



Euler's equation — the substitution x = et.

Input: x~2y'"' - 2xy' + 2y = x"2 + 2

Result

y=Cix+Cox’ +’lnzc+1, Cp,(

Steps

Euler's equation — each derivative y*(k) comes with x"k;
the substitution x = e*t turns it into one with constant
coefficients: z%y" — 2ay’ + 2y = 2> + 2

The substitution z = e!, zy’ = j, 2%y" = § — i tumns
the equation into § — 3§ + 2y = e* + 2

First the homogeneous equation (zero right side):
y—3y+2y=20

We look for solutions y = e*(At); substituting and dividing
by e*(At) gives the characteristic equation:
A2 30 4+2=0

The discriminant D = (—3)* — 4- 2 = 1; the roots:
AM=1 =2

Each root A gives the solution e*(Ax), a root of
multiplicity k also x-e*(Ax), ..., x*(k-1)-e*(Ax), and a pair a
1 Bi the solutions e*(ax)-cos Bx and e*(ax)-sin Bx. The
fundamental system: y; = e, y, = &

The homogeneous equation's solution:
yn = Cre' + Ope®

We split the right side into parts of a special form — a
particular solution for each, then we add them up:

f1:2» f2:e2t

Graph

15

10

2 -1 0 1 2
solutions for different C

The grey curves are solutions for various values of the constants.

The right side 2 has a special form; the number 0 is not a
root of the characteristic equation, so we look for a
particular solution ¥p, = 4

- The derivatives: 9, = 0, ¥, =0

Substituted into the equation (divided by the
exponential), like terms collected: 24 = 2

Hence A =1
A particular solution: ¥p, = 1

The right side ¢2 has a special form; the number 2 is a
root of the characteristic equation (multiplicity 1), so the
form is multiplied by x: y,, = Ate*

The derivatives:
Y, = 2Ate? + Ae¥, Yy, = 4Ate® + 4 A%

Substituted into the equation (divided by the
exponential), like terms collected: A = 1

A particular solution: ¥, = te

- A particular solution: ¥, = ¥, + ¥, = te” + 1

The general solution:
Y=1yn+y,=Cie + Cye® +te? +1

Back to the original variable (t = In x, for 2 > 0):
y=Cx+ Cor® +2°Inz + 1



The reduction y' = p(y), the constants from the initial conditions step by step.

Input: y'' = e*(2y), y(@) =0, y'(@) =1

Result

y=—In(1-x)

Steps

+ The independent variable is missing — we take y' as a
function of y: 3y = ¥

. d,
The substitution ¥’ = p(y), ¥ = pd—‘Z turns the

d
equation into pd—z = €% the initial conditions give

p(0)=1

+ A separable equation - the right side is a product of a

function of the variable and a function of the unknown:

dp %
dy —p
+ Separating the variables: pdp = e* dy

" Integrating both sides:/pdp:/ezy dy

2
" From the table of basic integrals: /pdp = %

+ From the table - the inner function is linear (ax + b), so

2 e
the result is divided by a: /e Ydy = 5
o P2 e2y
The general solution in implicit form: T=5 +
+ Expressing the solution: p* = % +
Graph
< Solutions Phase plane >
4
3
2
1
0 ®
-1
2
-3
-4
-5

4 3 2 a4 0 1 2 3 4
—y=—Iln(1-2=)

The highlighted one satisfies the conditions, the points are the
given values.

+ Substituting the initial condition p(0) = 1:

1=C+1=C, =0

+ The solution of the initial condition (the particular

solution): p = €Y

+ Back to the original unknown: y' = €?

+ A separable equation - the right side is a product of a

function of the variable and a function of the unknown:
[ /]
Yy =¢€

+ Separating the variables (dividing, assuming e¥ # 0):

d
Y _
ev

0 d
Integrating both sides:/e—g :fd:c

+ From the table — the inner function is linear (ax + b), so

the result is divided by a: /efy dy = —e™?

" From the table of basic integrals: / ldz ==
+ The general solution in implicit form: —e™¥ = = + (,
- Expressing the solution: y = — In (Cy — )

+ Substituting the initial condition (0) = O:

0:711'102:\#(72:1

+ The solution of the initial condition (the particular

solution): ¥y = —In (1 — x)



A damped oscillator — three cases by 6 and w.

Input: y'' + 28y’ + w2y = @

Result
§>w: y = 016(767\/524‘;2)1 + 026(«
d=w: y=(C,+Coz)e ™

d<w: y:e‘sm(Clcos( w? — 8%

Steps
+ Alinear equation with constant coefficients:
yu +25y/ +w2y -0

- We look for solutions y = e*(Ax); substituting and dividing
by e*(Ax) gives the characteristic equation:
A2 4 26A +w?i=0

+ The roots of the characteristic equation:

/\1=2:—6i\/62—w2
* Ford > wso

M=—-0—-V&2—w? M=V —w?—3§
y = Ole(—é—\/dz—uz)z + 026(\/62—u2—5)$

«Ford =w: g = —6,s0y = (C) + Coz)e™™

s Ford <widjy =0+ vw?— 4%, 80
y=e" (01 cos (\/ w? — 521‘) + (5 sin ( w? — 52.%)



Resonance — for w = 2 the solution has a different form.

Input: y'' + w*2y = cos(2t)
Result

w#2: y=Ccos(wt)+ Cysin (wt
w=2: y=Cjcos(2t) + Cysin(2t)

Steps

+ Alinear equation with constant coefficients:
y" + wy = cos (2t)

+ First the homogeneous equation (zero right side):
Y +wly=0

+ We look for solutions y = e*(At); substituting and dividing
by e*(\t) gives the characteristic equation: A2 + w? = 0

- The roots of the characteristic equation: Ay = Fwi

+ Each root A gives the solution e*(Ax), a root of
multiplicity k also x-e*(Ax), ..., x*(k-1)-e*(Ax), and a pair a
+ Bi the solutions e*(ax)-cos Bx and e*(ax)-sin Bx. The
fundamental system: y; = cos (wt), ¥ = sin (wt)

- The homogeneous equation's solution:
Yy = C} cos (wt) + Oy sin (wt)

+ The right side cos (2t) has a special form; the number 27
is not a root of the characteristic equation, so we look
for a particular solution ¥, = A cos (2t) + B sin (2t)

« The derivatives

Y, = 2B cos (2t) — 2Asin (2t), y) = —4A cos (2t) — 41

+ Substituted into the equation (divided by the

exponential), like terms collected
(Aw?® — 4A) cos (2t) + (Bw? — 4B) sin (2t) = cos (2t)

+ We compare the coefficients of like terms on both sides

1
A= ——— B=0
hence 2
Aw? — 44 =1
Bw? —4B =0
PN - _ cos(2t)
particular solution: ¥, = o

+ The general solution

2t
Y =Y + Yp = C cos (wt) + Cysin (wt) + ij:g 4)

+ For w = 2 the number from the right side is a root of the

characteristic equation (resonance) - the solution has a
t sin (2t)

different form: y = C'; cos (2t) + Cy sin (2t) + 1



A guessed solution y; = x and reduction of order (d'’Alembert).
Input: (1-x72)y'' - 2xy' + 2y = @

+ The constant taken out of the integral:

Result 1 1 1
/f—da:: = dx
y=Ciz+Cy(zln|z—1| —zln|z + 2Eh gt Ao wedl
+ From the table of basic integrals:
Steps / ! dz =In |z + 1|
z+1

< Al d-ord ti ith variabl fficients:
inear second-order equation with variable coefficients o T consamiden o effe sk

2x 2
" ——y +——y=0 1 1
y+m2—1y+lfx2y ffjdm:ffﬁdw
T T
+ We guess one solution and check it by substitution: 1 1
Y1 = 7. The second one by reducing the order " From the table of basic integrals: / = dr = 75
z

(d'Alembert, y = y;-u)

e— [ pde 1 The general solution:
y2:ylf y2 dz:z/‘li‘l_de:E:wln\xfl\ y:C]_eroz(fEln‘%*l‘7€E1n‘w+1|+2)
1

+ The rational function split into a polynomial and partial
fractions

/a:‘iia:? d‘r:f(%cl—l) - 2(zl+1) 7%) dr

+ The integral of a sum is the sum of the integrals

1 1 1 1
2z —1) 2(z+1) 2° 2(x—1)
+ The constant taken out of the integral:
1 1 1
[ty [
2(x — 1) 2) z—1
« From the table of basic integrals:

1
/ de =In|z — 1|
z—1

Graph

6 -4 -2 0 2 4 6
—— solutions for different C

The grey curves are solutions for various values of the constants.



Known limitations

* An equation that needs a hint from the problem (other than z = In y) can't be solved yet.

» For an equation with a parameter (k, A, w) the app draws no graph and takes the parameters as
positive.

* Where the solution can't be expressed explicitly, it stays implicit.

e The Laplace transform doesn't know the Heaviside function, shifts and periodic right sides yet.



Recurrences and generating functions

The app solves linear recurrences with constant coefficients of any order by the characteristic equation
— multiple and complex roots too (the complex form of the solution and its conversion to the real one by
de Moivre's theorem) — and with a right side of the form P(n)-q" (also cos ne, sin ng, resonance and a
sum of right sides). The initial conditions determine the constants; as a check, the app computes further
terms from the recurrence and compares them with the formula.

The “Method” chip offers the generating function too (A(x) = X a,x", partial fractions, geometric series),
matrix powers (diagonalization) or, for the first order, summing. A first-order recurrence with a variable
coefficient (a,«1 = (n + 1)a,) is solved by a product (factorials), convertible nonlinear recurrences by the
substitution b, = 1/a, or b, = In a,. A system of two recurrences is solved by eliminating one sequence or
by the matrix, a divide-and-conquer recurrence T(n) = aT(n/b) + f(n) by n = b* — with the master theorem's
estimate.

With the “Generating function” operation the app finds the generating function of a sequence given by a
formula (n2 + 2") or by its first terms (1, 0, 1, 0, ...), and conversely the formula for a, from a function A(x).
The number of non-negative whole solutions of x; + x, + ... = N (also with bounds or coefficients — paying
with coins) is the coefficient of a generating function.

The graph shows the terms of the sequence as points (both sequences of a system).

How to enter it

a(n+2) = 5a(n+1l) - 6a(n), a(@) = 1, Brackets, the conditions after a comma.
a(l) = 4
a_{n+2} = 5a_{n+1} - 6a_n Subscripts (also from a photo). Without conditions:

the general solution with constants C;, C..

Fn=F{n-1} + F {n-2}, F.1 =F 2 = The index may go down (a,-1, a,-2); one value can be
1 given to several terms.

a {n+l} = an + 2b n A system — the equations on lines, the conditions on
b {n+1} = 3a_n + b_n the last one.

a®=1,bo=020

T(n) = 2T(n/2) + n, T(1) =1 Divide and conquer — a term at n/b.



N2 + 2°n A sequence's formula with the “Generating function”
operation (also a, = ...).

1, 0, 1, 0, ... The first terms separated by commas.
1/(1 - x - x*2) A generating function in x (also A(x) = ...) — the formula
for a,.
number of solutions x_1 + x 2 + x_3 =  The number of non-negative whole solutions with
10, x 1 <=3 bounds.
Examples

Two distinct real roots, the check by further terms.

Input: a_{n+2} = 5a_{n+1} - 6a_n, a ® =1, a1 =4

Result Graph
7 n
Ay, — 2-3" -2 1500
[ ]

Steps
+ Alinear recurrence of order 2 with constant coefficients: 1000

Api2 = 5a,.1 — 6a,
- We look for solutions @» = X\"; substituted and divided by

A", they give the characteristic equation:

A2 —B5A+6=0

500 s

» The discriminant D = (—5)* — 4 -6 = 1; the roots:

A =2, A=3
+ The general solution: a, = Cy - 2" + Cy - 3" °

[ ]

+ We substitute the conditions into the general solution L * *

hence C; = —1, Cy =2

CiaCy =1 0 1 2 3 4 5 6
1 B =
2C, +3C, =14 ®a,
The points are the terms computed from the formula - the

- The solution satisfying the given conditions: recurrence itself gives the same values.

a, =2-3"-2"

+ Check: the recurrence gives
ay = 14, a3 = 46, ay, = 146 — the same as the formula.



The Fibonacci sequence — Binet's formula.

=

Input: F_n = F_{n-1} + F_{n-2}, F. @ = 0, F_1 =

Result F, = ?(1+2\£) = g(l _2\/5)
n
V5 (1++/5 V5 (1— /5
Fn = — || —— _ | — + Check: the recurrence gives Fy =1, F3 =2, F} =3 -
5 2 5 2 the same as the formula.
Steps Graph

- A linear recurrence of order 2 with constant coefficients:
Fn - anl + anz 0o

+ We look for solutions £, = \"; substituted and divided by
A"~2, they give the characteristic equation:

M-A-1=0
400 Py
- The discriminant D = (—1)* — 4 - (—1) = 5; the roots:
1—+/5 1 5
. L S
2 2
°
+ The general solution 200
1-+5\" 1++5\" o
F,=0C V5 + Oy V5
2 2 °
[
o ©®
- We substitute the conditions into the general solution 0 -e—e—o—o—o0_o o @
hence () = ,ﬁ’ Cy = ﬁ
5 5 0 2 4 6 8 10 12 14
Ci+Cy=0
®F,
1—+/5 14++5
9 Cy + 9 Cy=1 The points are the terms computed from the formula - the

recurrence itself gives the same values.

+ The solution satisfying the given conditions



Complex roots 1 t i — the complex form and de Moivre's theorem.

Input: a_{n+2} = 2a_{n+1} - 2a_n, a @ =1, a_l1l =2

Result
oo () (e () 50 ()

Steps

- A linear recurrence of order 2 with constant coefficients:
Qpiog = 20‘7171 - 2an

+ We look for solutions @n = \"; substituted and divided by
A", they give the characteristic equation:
A2 20 42=0

+ The discriminant D = (—2)® — 4.2 = —4; the roots:
Ag=1=x1

+ We write the complex roots 1 47 in polar form: [A| = /2,

T ™ L. T
¢ = Z‘SOA:ﬁ(COSZ =+ isin Z) By de Moivre's

theorem A" =
(\/5) (cos (%) +isin (%n))

+ The general solution in the complex form (complex
constants): @, = C; (14 14)" 4 Cy(1 — 7)". Adding the
conjugate terms, with new real constants we get the real
form

n= (vVE)"(Creos () + Cooin (7))

+ We substitute the conditions into the general solution
hence C; =1, C, =1

The points are the terms computed from the formula - the
recurrence itself gives the same values.

@ =1
Oy 4Ty — &

+ The solution satisfying the given conditions
a, = (\/5) (COS (%) + sin (%))

+ Check: the recurrence gives ay = 2, a3 =0, ay = —4 -
the same as the formula.

Graph
e o
)
0 —'—‘—‘—0.—0—0—0—
o o
-50
[ ]
-100
e o
0 2 4 6 8 10 12 14
®a,



The right side n, a double root 2.

Input: a_{n+2} = 4a_{n+1} - 4an+n, a®=90, al=20

Result
+ A particular solution: aﬁlp) =n+2

n—4
a, — —— . 2n +n -+ 2 The general solution:
n
2 a, = alt) +aP) = (O, + Cyn) - 2" +n + 2

We substitute the conditions into the general solution
Steps 1

hence ) = -2, Cy = 5
« Alinear recurrence of order 2 with constant coefficients:

C =
Qpig = 40‘7171 - 4an +n L 2 0

20, +2C; +3=0

First we solve the homogeneous recurrence (the right
side 0): @40 —4a,q +4a, =0

The solution satisfying the given conditions:

+ We look for solutions @n = X"; substituted and divided by a, = el 9 L 12
A", they give the characteristic equation: 2
A4 +4=0 + Check: the recurrence gives ay = 0, a3 =1, ay =6 -

the same as the formula.

The discriminant D = (—4) — 4 - 4 = 0; the roots:
AI,Z = 2

The homogeneous recurrence’s general solution:
alt) = (Cy + Cyn) - 2

The right side 7 has a special form; the number 1 is not a
root of the characteristic equation, so we look for a
particular solution al?) = An + B

Substituted into the recurrence, the terms collected:
An+B - 2A=n

We compare the coefficients of like terms on both sides
hence A=1, B=2

A=1
B-24=0
Graph
[ ]
1000
500 o
[ ]
[ ]
0 P’y & Py ® ® (]
0 2 4 6 8
®a,

The points are the terms computed from the formula - the
recurrence itself gives the same values.



The same recurrence by the generating function.

Input: a_{n+2} = 5a_{n+1} - 6a_n, a @ =1, a1l =4 Generating function

Result
Graph
=2.3"-2"

A = 1500
Steps
+ Alinear recurrence of order 2 with constant coefficients:

ay.9 = bay., — bay, 1000
. o0

We introduce the generating function A(z) = Zana?n

n=0

+ The recurrence multiplied by "2 and summed over all n 500

=0 ®

o o o0

Z an+2mn+2 =5 Z an+lmn+2 _6 Z anxn+2

n=0 n=>0 n=0 [ ]

0 @ ® ®. L4

+ The sums expressed by the generating function and the

initial values: 0 ) ) s . s

A(z) — 1 — 42 = 5z(A(x) — 1) — 622 A(x)

®a,
+ The generating function expressed, its denominator
1—=z The points are the terms computed from the formula - the
factored: A(z) = (1—2z)(1— 3z) recurrence itself gives the same values.

1 9
1-22 13z

" Partial fractions: A(z) = —

- The fractions as geometric series

1 = n,.n 1 700 n.n
172;10:;29:7 173:57;03%

+ The coefficient of x" is the term: a,, = 2 - 3" — 2"



The same recurrence by matrix powers.

Input: a_{n+2} = 5a_{n+1} - 6a_n, a @ =1, a1l =4 Matrix powers

2 0
Result D= (0 3)
a,=2-3"-2"
pl_ -1 3
L N )
Steps
+ Alinear recurrence of order 2 with constant coefficients: * The matrix power the coefficients so v, = P-D™(P™*vq).
Gy = 90, — bay, M" = PD P! D" = (2n O)
o ’ T \0 3
* The recurrence in matrix formi.e. v,.; = M-v, with
Gpi2\ (5 —6) (an pt (111) = (;1)
Apq o 1 0 anp
5 —6 + The solution satisfying the given conditions:
M =
10 a, =2-3"-2"

+ Check: the recurrence gives

. i i i H = n.
Substituting again and again, v, = M"-v, a4y — 14, az — 46, a; — 146 — the same as the formula.

Apr1 | n 4
(%)= ()
+ The matrix’s eigenvalues:
det (M —AE) =X —B5A+6=0,50\ =2, Ax=3

+ The eigenvectors — the solutions of (M - AE)u =0

=) ()

* The matrix diagonalized, M = P-D-P™"
2 3
()
Graph
1500

1000

500

®a,

The points are the terms computed from the formula - the
recurrence itself gives the same values.



A first-order recurrence by summing.

Input: a_{n+1} = 2an+ 1, a @ =20
Result
a, =2" —1
Steps

« Alinear recurrence of order 1 with constant coefficients:
ani1 =20, +1

Substituting the recurrence into itself again and again:
a, =2a, 1 +1=4a, 5+ ... ingeneral

n—1
a, =ap-2" + E gn-1-j
=0

n—1

The sum evaluated: z onl=i—gm _q
j=0

The solution satisfying the given conditions:
a,=2"—1

Check: the recurrence gives a; = 1, a3 = 3, az =7 -
the same as the formula.

Summing

Graph

1000

500 L]

® a,

The points are the terms computed from the formula - the
recurrence itself gives the same values.

A variable coefficient — the product gives a factorial.

Input: a_{n+1} = (n+l)a_n, a @ =1

Result
a, =n!
Steps

+ A first-order linear recurrence with a variable coefficient:
Api1 = an(n + 1)

Substituting the recurrence into itself again and again —
the term is a product

n—1
a, = (n+1)a,; =n(n+ Da,p = =ag [[ G+
j=0

The product simplified (the factorials cancel):

ﬁ(j+1) =n!
=0

The solution satisfying the given conditions: a,, = n!

Check: the recurrence gives a; = 1, a3 = 2, a3 =6 -
the same as the formula.

Graph

600

400

200

®a,

The points are the terms computed from the formula - the
recurrence itself gives the same values.



A nonlinear recurrence — the substitution b,

Input: a_{n+1} = a_n/(1 + a_n), a_ @ =1
Result
1
a, = ———
n+1
Steps
+ A nonlinear recurrence — the reciprocals of the terms
a
make it linear: Gp11 = an—j—l
0 1
Both sides reciprocated: = — + 1 the
Ant1 Ay

substitution b, = — thus makes the recurrence linear:
aH

bn+1 =b, +1
+ The initial conditions for the new sequence: by = 1

+ First we solve the homogeneous recurrence (the right
side 0): b,o1 — b, =0

+ We look for solutions b,, = \"; substituted and divided by
A", they give the characteristic equation: A — 1 =0

+ The roots of the characteristic equation: A\; = 1

+ The homogeneous recurrence's general solution:
h) _
WM =G

+ The right side 1 has a special form; the number 1 is a
root of the characteristic equation (multiplicity 1), so the
form is multiplied by n: b®) = An

- Substituted into the recurrence, the terms collected:

®a,

The points are the terms computed from the formula - the
recurrence itself gives the same values.

=1/a,.

A=1
+ A particular solution: b%p) =n
+ The general solution: b, = 6" + %) = O, +n

+ We substitute the conditions into the general solution
hence ¢ =1

=1

+ The solution satisfying the given conditions: b, = 1 +n

+ Check: the recurrence gives by = 2, by = 3, b3 =4 -
the same as the formula.

o 1
Back to the original sequence: a,, = =
. n—+1
Graph
1 e
0.5 °

A system of two recurrences by eliminating the sequence b..

Input: a_{n+1}
b {n+l} = 3a n + b n

an+ 2bn



>
bn=§(1+\/6)n—?(1—x/6)7

Steps

+ A system of two linear recurrences
Apiy = Ay + an
bn+1 - Sa'n + bn

Qniq —a
* From the first equation b, = % so

Qpon — @
b —nt2 "t bt into the second one they give a

n+1 =
recurrence for a single sequence:
Apoo — 20y — Da, =0

+ The second initial condition from the first equation:

a=1+0=1

+ We look for solutions @n = \"; substituted and divided by
A", they give the characteristic equation:
A 20 —-5=0

- The discriminant D = (—2)* — 4. (—5) = 24; the roots:

AM=1-v6, A=1++6

Graph
1000 L
[ ]
500
[ ]
[ ]
e
D —0 . . ®
0 1 2 3 4 5 6
®a ObhH,

The points are the terms computed from the formula - the
recurrence itself gives the same values.

+ The general solution:

o= 01(1 - \/E)" +02(1+ \/6)"

+ We substitute the conditions into the general solution

1
hence ¢, = =, Cy = =
2 2
Ci+0C, =1

(17\/6)01+ (1+\/6)02 —1

+ The solution satisfying the given conditions:

(1-v8)"  (1+v6)"
" 2 + 2

+ Check: the recurrence gives @y = 7, as = 19, ay = 73 -

the same as the formula.

+ The other sequence from the expression

SRy



Divide and conquer (merge sort) — n = 2 and the master theorem.

Input: T(n) = 2T(n/2) + n, T(1) =1

Result
T(n)=n+nlog,n
Conditions: n = 2F, k € N,

Steps

n
* A divide-and-conquer recurrence: T(n) = 2T(§) - B

+ For n a power of the base: the substitution
n=29% 8, = T(Qk) gives a first-order linear
recurrence: S;., = 28, + 21

+ The initial conditions for the new sequence: Sp = 1

+ First we solve the homogeneous recurrence (the right
side 0): Sp.1 — 25, =0

+ We look for solutions Si = A\¥; substituted and divided by
Ak, they give the characteristic equation: A — 2 =0

+ The roots of the characteristic equation: A\; = 2

« The homogeneous recurrence's general solution:
(h) _ k
8 =02

« The right side 2%+1 has a special form; the number 2 is a
root of the characteristic equation (multiplicity 1), so the
form is multiplied by k: S,Ef”) = Ak -2*

- Substituted into the recurrence, divided by 2%, the terms
collected: 24 = 2

* Hence A =1

* A particular solution: Séf’) —k-2F

+ The general solution:

Sp=8M 480 ¢y .2¢ L k-2

+ We substitute the conditions into the general solution

hence U} =1
=1

+ The solution satisfying the given conditions:

Sp=2F+ k.2

- Check: the recurrence gives 51 = 4, Sy = 12, 53 = 32

— the same as the formula.

+ Back ton (k = logy n): T'(n) = n+ nlog, n

+ The master theorem (a =2, b =2, f(n) = 0(n)): 2 = 21, so

T(n) = O(nlogn)



The generating function of the sequence n2 + 2",

Input: n*2 + 2%n Generating function

Result
1— 2z + 22 — 323
A(x) = 3
(1—x)°(1-—2x)

Steps
+ We introduce the generating function

A(z) = (n® +2")a"

n=0

« The series split by linearity:
o0 o0

A(z) = Z 2"z + Zn2$”
n=0 n=0

(s ¢]
0 1
Ak ies: " =
nown series ; Tz
. &e 1
Ak ies: z" =
nown series Z T2

n=>0

» Multiplying the terms by n is differentiating and
multiplying by x

= d 1 x
Swrea ()
— de\1—=z 1-x

+ Multiplying the terms by n is differentiating and
multiplying by x

" The generating function: 4(z) =

= Qrsz..i x _ T + x2
= dx(um)?)umf

12z 4 222 — 323
(1—2)*(1—2z)

+ Check - the expansion starts with the sequence’s terms:

A(z) =1+ 3z + 82 + 17z° + ...



The formula for a, from a generating function — partial fractions by irrational roots.

Input: 1/(1 - x - x*2) Generating function

Result Graph
n
56— V5 [(1—+5 5++/5 1000
“ = 0 2 LT
800
Steps
+ The generating function expressed, its denominator 600 s
factored
1
Az) = 7 NG 400 °
—1+4/5 1+4/5
(1+72 m) (lf—g 1')
®
200
- Partial fractions b
[ ]
A(x) 57135 5+1?]/g 0:::"""'
)= +
~1+4/5 1+4/5
1+ — 1-— —
0 2 4 6 8 10 12 14
+ The fractions as geometric series ®a
o n o
1 _ Z (1 — \/5) z", 1 _ E The points are the terms computed from the formula - the
14 —12\@:0 s 2 1- H;/Ex o recurrence itself gives the same values.

- The coefficient of x" is the term
_ 5o VB1-VBNT BB T4 VBN
10 2 10 2

G

+ Check — the expansion starts with the sequence’s terms:
Alm) =1+a+ 22" +32% + ...

The number of solutions of x4 + X, + x3 = 10 with x4 < 3.

Input: number of solutions x 1 + x 2 + x 3 =10, x_1 <= 3

Result
38
Steps
+ The unknown Z1 (0 < z; < 3) contributes the series
7 g d=daf
l+z+z"+2° =
1—=

+ The unknown Z2 (zo > 0) contributes the series
1

l+z+a?+a+---=
1—=z

+ The unknown T3 (x3 > 0) contributes the series
1

l+z+z2+254...=
1—=x

+ The generating function is their product - the coefficient
1-—z¢

of Xx*N counts the solutions: G () = 3
(1-=)

+ The number of solutions is the coefficient of 410: 38



Known limitations

* Not yet: higher-order linear recurrences with variable coefficients, systems of three or more
recurrences, divide and conquer with several terms (T(n/2) and T(n/3)) and nonlinear recurrences
these substitutions don't make linear.



Applications of differential equations

The "Applications of differential equations" button on the home screen opens a form with 23 models:
radiocarbon dating, decay and half-life, exponential growth, a decay chain, Newton's cooling (also the
time of death from two measurements), chemical kinetics of the 0th—2nd order, a drug in the blood (one
dose, repeated doses, an infusion), blood alcohol, savings and loans, RC, RL and RLC circuits, a mass on
a spring, a fall with air resistance, a draining tank, mixing in a tank, logistic and Gompertz growth, a
harvested population, the SIR epidemic, predator and prey, two competing species and a chemostat.

You choose the model, its variant and what you are looking for; the constants ('4C's half-life, the
gravitational acceleration, ...) are prefilled and can be changed. Every quantity and the result have a unit
to choose - the app converts the values (the conversion is a step). The "?" by the model explains where
its equation comes from.

The steps start by setting the model up (why this equation), go on solving the equation (separation of
variables, an integrating factor, the characteristic equation), substitute the conditions, express the sought
quantity and end by substituting the numbers. Systems (SIR, predator and prey, competition, a
chemostat) are solved numerically by the Runge—-Kutta method, their equilibria and stability exactly. The
graph shows the quantities in time with the answer marked, for systems also the phase plane.



Examples

The age of a find with 35 % of '4C left.

Input: model(radiocarbon; find=t[yr]; T12=573@[yr]; p=35[pct]; input=ratio)

Result

t ~ 8700 yr

Steps

o N
Find t; given: Ty o = 5730 yr, = 35 %
0

N
Converting the units: — = 35% = 0.35
Ny

Living organisms take in carbon from the air, so they
contain the same share of the radioactive isotope '#C as
the atmosphere. After death the intake stops and the 'C
decays. The humber of decays per unit of time is
proportional to the number of nuclei left: dN/dt = -AN, A
being the decay constant. The solution is N = Ng-e*(-At),
and half of it is gone after the half-life T% = 5730 years,
so A =1In 2 / T%. From the share of '*C left (or from the
measured activity against a living sample's) we get the

age. The model's equation: P —AN

Separating the variables: % = —Adt

Integrating both sides: In [N| = —At + C

Exponentiating — the constant te*C is called C again:
N = Ce™

Substituting the initial condition N (0) = Ny: Ny = C

The solution of the initial condition (the particular
solution): N = Npe M

Graph

[%]

100

50

T

2000 4000 6000 8000 10k
tlyrl
N ®t~8679

No

The model's quantities in time, computed from the solution; the
answer is marked.

+ In a half-life the amount halves — the decay constant

Ny In2 In 2
N(Typ) = — = A= = ~121-10"yr!
(Ti) = 3 T, 5730 o
+ Expressing the sought quantity:
- 1 ! - Ty ) No
AN, m2z N
. . 5730 1
Substituting: t = —— In —— ~ 8679 yr
In2  0.35

+ Laboratories give the "radiocarbon age" with Libby's half-
life of 5568 years and convert it by a calibration curve
(the atmosphere's 'C hasn't always been the same) -
the true age may therefore differ somewhat.



The time of death: the body was 30 °C when found, 28 °C an hour later, the room 20 °C.
Input: model(cooling; find=t[h]; Te=30[degC]; Ta=20[degC]; tl=1[h]; T1=28[degC];
Tt=37[degC]; k=measured)

1.1 -1, 1. 2820
TH)=T i =k=—-In—r = —=1 -
Result (t) g » nTO_TH S —

t~ —2.38h
+ Expressing the sought quantity
Steps Ta+(TofTa)e’kt:Tétzféln;;i%
+ Find ¢; given
T, =30°C, T,=20°C, t,=1h, T, =28°C, '&mgnmmgt::744£44n37_20xj72378h
0.2231 30 —20
* Abody gives off heat the faster, the bigger the difference + A negative time means before the first measurement (for
of temperatures: dT/dt = -k(T - T.), T, being the ambient the time of death: that many hours before the body was
temperature and k depending on the body (size, material, found).
air flow). The solution is T = T, + (T - T,)-e*(-kt) — the
difference falls exponentially. k can be found from two Graph
measurements. That's how forensic scientists estimate
the time of death: they measure the body's temperature rel .

when found and a bit later and calculate when it was 37

°C. The model's equation: % =-k(T-T,) \

o dT o,
Separating the variables: = —kdt

T-T,
+ Integrating both sides: In |T' — T},| = —kt + C' &

- Exponentiating — the constant te"C is called C again:
T =T, +Ce*

+ Substituting the initial condition 7'(0) = Tp:

h=T,+C=C=T;,-T, 30

+ The solution of the initial condition (the particular
solution): T' = T, + (Ty — T, )e "

+ k from the second measurement

-2 Sl 0 1
t[h]
—_ T @t~ —2.378

The model's quantities in time, computed from the solution; the
answer is marked.

A 500 mg drug every 8 hours — the steady level between doses.

Input: model(drug; find=steady[mg_1]; D=500[mg]; V=40[1]; T12=6[h]; tau=8[h];



mode=repeated)

Result
Cmaz ~ 20.7mg/]
Cmin =~ 8.22mg/1

Steps

+ Find Cmaz; given
D =500mg, V =401, Tlﬂ =6h, 7=8h

+ A drug in the blood spreads in the volume of distribution

V; the kidneys and the liver eliminate it at a rate
proportional to the concentration: dc/dt = -kc, k=1In2/
T'% (the biological half-life). After one dose D, ¢ = (D/
V)-e*(-kt). With repeated doses every T the remainders
add up (a geometric series) and the level settles
between c_min and c_max. An infusion at a rate R gives
de/dt = R/V - ke, the concentration approaching the

steady value R/(kV). The model's equation: % = —ke

- Initial concentration after the dose:

D 500
=—=—=125 1
“=v = 0 mg/
- Elimination constant from the biological half-life:
In2 In2 .
k=—=—=0.1155h
Ty

" Separating the variables: @ — —kdt
c

« Integrating both sides: In|c| = —kt + C

Graph
[mg/1]

20
15

10

t[h]

— C

The model's quantities in time, computed from the solution; the
answer is marked.

+ Exponentiating — the constant te*C is called C again:

c=Ce ™

+ Substituting the initial condition €(0) = ¢p: ¢ = C

+ The solution of the initial condition (the particular

solution): ¢ = coe’k't

+ Share of the drug left by the next dose:

q= e(7) — ekt —_ 011558 ) 3960
o

+ Expressing the sought quantity

<o
Cmar:CU(1+q+q2+"'): lfq’ Crin = 49 Cmax
. 12.5
ituting: = —— 2 20.72 1
Substituting: ¢naa T 0.3969 mg/

+ Substituting: ¢, = 0.3969 - 20.72 &~ 8.225mg/1

+ Accumulation factor (how many times the steady level

exceeds one dose's): i = ITq ~ 1.658

The monthly repayment of a loan of 1 000 000 CZK for 20 years at 5 %.

Input: model(interest; find=a[CZK_mo]; B@=1000000[CZK]; r=5[pct_yr]; t=20[yr]; B=0[CZK];



kind=1loan)

Result

a

~ 6592 CZK/mo

Steps

Find a; given

Dy =1000000CZK, r=5%p.a., t=20yr, D

Converting the units: 7 = 5% p.a. = 0.05 yr !

With continuous compounding, interest accrues at every
moment in proportion to the balance: dB/dt = rB, r being
the annual rate. Regular deposits a raise the balance

(dB/dt = rB + a), a loan's repayments lower the debt (dD/
dt =D - a). The equation is solved by separating the

variables, and the solution gives the balance, the time to
repay or the payment (the continuous counterpart of an

annuity). The model's equation: % =rD—a

d
Separating the variables: D =rdl

a
Integrating both sides: In ‘D = ;‘ =rt+C

Exponentiating — the constant +e"C is called C again:
a

D=—+Ce
T

Substituting the initial condition D(0) = Dj:
c=D,-2
r

Graph
[czK]

-500k

™

500k

tlyr]

-—D @D

The model's quantities in time, computed from the solution; the
answer is marked.

The solution of the initial condition (the particular
a a

solution): D = — + (DO — f)e”
T T

Continuous compounding is a model — banks compound
monthly or yearly; the results differ only a little.
r(Dget — D)

Expressing the sought quantity: a =
et —1

Substituting

0.05(1 000 000e-05-20 — ()
‘= 00520

~ 79100 CZK /yr

Paid in total: a ¢ = 1582 000 CZK

Converting the units:
a ~ 79100 CZK /yr = 6592 CZK /mo



How long a capacitor takes to charge to half the source voltage.

Input: model(rc; find=t[ms]; R=10[kohm]; C=100[uF]; U=12[V]; u=6[V]; mode=charge)

u
Result ' Expressing the sought quantity: t = —7In (1 = ﬁ)
t ~ 693 ms . 6
Substituting: t = —1000In { 1 — T2 ~ 693.1ms
Steps
+ Find ¢; given Graph
R=10kQ, C=100uF, U =12V, u=6V vl

- Charging a capacitor through a resistor, Kirchhoff's law
gives U = Ri + u, and the current charges the capacitor: i
= C-du/dt. Together RC-du/dt + u = U. The voltage 10
approaches the source's: u = U(1 - e*(-t/1)), T =RC
being the time constant; the current i = (U/R)-e*(-t/1)
decreases. When discharging, u = Ug-e*(-t/T). The

model's equation: RO% +u=U

[ J
+ Time constant: 7 = RC' = 10 - 100 ~ 1000 ms o
0 . ) dt
Separating the variables: = ——
u—U T
. . ) t
Integrating both sides:In ju — U| = —— + C
T
- Exponentiating — the constant te"C is called C again:
L 1000 2000 3000 4000
u=U+4Ce t[ms]
- Substituting the initial condition #(0) = 0 — U ®ix6931

0=U+C=C=-U

+ The solution of the initial condition (the particular

i

solution): u = U(l —e 7

[mA]

0.5

1000 2000 3000 4000
t [ms]

The model's quantities in time, computed from the solution; the
answer is marked.

A damped spring — the displacement at 1 s.

Input: model(spring; find=x[cm]; m=0.5[kg]; k=20[N_m]; b=1[kg_s]; x@=5[cm]; v@=0[m_s];



t=1[s])

Result

T~ 1.827cm

Steps

Find Z; given

m=0.5kg, k=20N/m, b=1kg/s,

zg = bcm,

Converting the units: g = 5cm = 0.051m

A body on a spring feels the spring's force ~kx (Hooke's
law), damping -b-v (a resistance proportional to the
speed) and possibly a driving force Fy'cos wt. By
Newton's 2nd law m-x" = -kx - b-x' + Fg-cos wt, that is
m-x" + b-x'+ kx = Fg'cos wt — a linear equation of the 2nd
order with constant coefficients. The roots of the
characteristic equation tell whether the body oscillates
(underdamping) or just returns to the equilibrium. Driving
near the natural frequency w, = v(k/m) causes

resonance. The model's equation:
i

m—y — B =
di* dt

Natural angular frequency (without damping):
k 20
wy =4/ — =4/ — =~ 632557
m 0.5
b 1

Dampingrate: § = — = ——— ~ 1s~
ping om  2-05

We look for solutions x = e*(At); substituting and dividing
by e*(At) gives the characteristic equation:
0.502 A +20=0

Graph

[cm]

0.04

0.02

| AN

ViRdn

-0.02

1 2 3 4
t [s]
— T @ z~0.01827

The model's quantities in time, computed from the solution; the
answer is marked.

The roots of the characteristic equation:
A1p = —1£6.245¢

Underdamping (6 < wg; d = 1,
roots — damped oscillations.

wy = 6.325): complex

The homogeneous equation's solution:
x5, = e (O} cos 6.245t + C; sin 6.245t)

We substitute the conditions into the general solution:
2(0) = 0.05, a'(0) = 0, hence
C ~ 0.05, Cy = 0.008006

The solution of the initial condition (the particular
solution):
x = e7%(0.05 cos 6.245¢t + 0.008006 sin 6.245t)

- Substituting: (1) ~ 0.01827m

Converting the units: x =~ 0.01827m = 1.827 cm



An epidemic with Ry = 2.5 — the peak and the final number of infected.
Input: model(sir; find=overview[d]; N=10000[pcs]; I@=10[pcs]; RO=2.5; D=7[d]; rates=ro)

+ Transmission rate: 3 = Ryy ~ 0.3571d !

Result

Imam ~ 2340 llld + Thesum S + | + R = N is constant (the equations add up
to zero).

tmez =~ 34.1d

+ Herd immunity threshold (the immune share at which the
~ 1 1

ROO ~ 8930 ind. illness stops spreading): 1 — 7= 60 %
0

Steps + The epidemic takes off, since initially

N
U ~
« Find tmae; given I'>0& 85> o =~ 4000
N =10000ind., 1y =10ind., Ry =25, D =Tc
* The epidemic peaks at S = N/Ry; from the equation for

» The population N is split into the susceptible S, the di/ds
i i i dI N N
!nfeoted I‘and the rgcovered (immune) R. Infections Y1y T4+ S-S mS=C=1,, =]
increase in proportion to the encounters of the ds RyS R,
susceptible with the infected: B-S:I/N; the infected
recover at the rate y = 1/D, D being the illness' duration. + Solving the equation numerically (bisection)
The system S'= -BSI/N, I' = BSI/N - yl, R' = yl has no S Ro(S. —N) .
solution in elementary functions - it is solved = Sy - N = 50 21072 ind.
numerically. Exactly, though, we derive the basic
reproduction number Ry = B/y, the epidemic's peak, the + In total the illness affects:
final number of infected and the herd immunity threshold R, =N -5, ~8928ind. (89.3 %)
1 - 1/R,. The model's equation ) ) .
sI + The system can't be solved in elementary functions — it's
S = _’6_ solved numerically by the 4th-order Runge—Kutta method
BS]IV with the step 0.05 on [0, 100]
I'="— —~I
N + From the numerical solution: ¢,,,, ~ 34.1d
R =~I
"R t ! ! 0.14294d!
ecoveryrate:y = — = — ~ 0.
y v D7
Graph
< In time Phase plana
[ind]
10k
5000
[ ]
20 40 60 80

t[d]
=S =] =R @ lInao

The model's quantities in time, computed from the solution; the
answer is marked.



Predator and prey — the equilibrium, its stability and the period.

Input: model(predator; find=overview[mo]; a=0.5[per_mo]; b=0.01[per_pcs _mo]; c=0.4[per_mo];
d=0.005[per_pcs _mo]; x0=100[pcs]; y0=20[pcs])

Result
[z*, y*] ~ [80, 50]
T ~ 14.9mo

Steps

+ Find 7’; given
a=05mo !, b=0.01(ind  mo) ', ¢=04mo!

+ Prey x multiplies without predators (ax), predators y die
out without prey (-cy). Encounters, proportional to the
product xy, take prey away (-bxy) and give predators
food (+dxy). The system x' = ax - bxy, y' = -cy + dxy
(Lotka, Volterra) has the equilibrium [c/d; a/b]. Linearized
there it has purely imaginary eigenvalues — the
populations oscillate around the equilibrium, the
predators lagging behind the prey. It's solved
numerically; the equilibria and the first integral are
derived exactly. The model's equation

z' = ax — bxy

Y = —cy+dzy

+ Equilibria — all the derivatives are zero
c a
z(a —by) =0, y(de —¢) =0 = [0, 0], [3, E] ~ (80,

+ The stability by linearization - the system's Jacobian
matrix

Graph
< In time Phase plana
[ind]

150

100

50

10 20 30 40
t [mo]

The model's quantities in time, computed from the solution; the
answer is marked.

_(a—-by —bx
Ji( dy dm—c)

+ At [0, 0] eigenvalues A; = —0.4, Ay = 0.5 - a saddle

(unstable).

0.5 0
0 04

+ At [80, 50] eigenvalues A2 = £0.44727 — 3 centre

(oscillations around the equilibrium).

0 -08
0.25 0

+ Dividing the equations and separating gives a first

integral — a quantity constant along a trajectory:
V=der—chme+by—ahnhy=0C

+ Since V doesn't change along a trajectory, the

trajectories are closed curves — the populations oscillate
periodically around the equilibrium.

+ Period of small oscillations around the equilibrium (from

2m
the eigenvalues): 7' ~ —— ~ 14.05mo

Jac

+ The system can't be solved in elementary functions — it's

solved numerically by the 4th-order Runge—Kutta method
with the step 0.0125 on [0, 50]

+ From the numerical solution: T' ~ 14.95 mo



Coming soon

We are working on these types of problems or have them planned. The order may change depending on
what you need most.

Equations and inequalities

* Incomplete quadratic equations by factoring or taking roots (x? = 9) instead of the discriminant.

Functions, derivatives and integrals

Integral applications with parameters — general formulas (a sphere of radius r, an ellipse, a cone).

The shaded area and the 3D solid for parametric and polar curves.

Physical applications of derivatives and integrals (velocity, acceleration, work, centre of mass).

The complex form of the Fourier series and the spectrum.

The Riemann and Lebesgue integrals of special functions (the Dirichlet and Riemann functions).

Differential equations

» Systems of differential equations given as equations (the applications have them already) and their
phase portrait.

e The Laplace transform with the Heaviside function, shifts and periodic right sides.

Other areas

e Vectors — magnitude, dot, cross and triple products, angles, areas and volumes.
e Matrices — operations, determinant, rank, inverse matrix, eigenvalues and eigenvectors.

» Construction problems — triangles, quadrilaterals and circles from given elements, the construction
steps and the number of solutions.

e Complex numbers in the polar and exponential form, de Moivre's theorem, n-th roots.
e Cramer's rule for systems of linear equations.

e Functions of several variables, multiple, line and surface integrals.

» Exact and numerical result modes (decimals instead of fractions and roots).

e Word problems — setting up the equations from the text and solving them.



